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Abstract the present paper investigates attachable robust compensators design for polytopic linear parameter varying (LPV)
plants using prior or real-time knowledge of the parameter. Based on each knowledge, this paper explores both robust LPV
system and robust gain scheduled system design method. Quadratic L, gain performance framework and robust model matching
(RMM) strategy are combined to develop compensators. Namely, a RMM design method, that is, a practical approach to the
design of attachable robust compensators for the linear time invariant (LTI) plant, is extended for application to the LPV plant. A
design example and simulation results are presented in order to demonstrate the proposed method.
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1. Introduction

In practical, nonlinear and/or time-variant dynamical systems
are widespread, and a certain class of them can be represented as
linear time varying (LTV) systems. Basic analysis and synthesis of
control systems for LTV systems has been examined in previous
studies'? ¥ Recently LTV system design, including tracking,
stabilization, control, has been
investigated comprehensively in several studies™™® However,
unlike the linear time invariant (LTI) systems, few powerful tool
or algebraical frequency-domain description exists to solve LTV

optimization and robust

problems. As such, a realistic and practical control system design
method for the general LTV system has not yet been completed.
Shamma & Athans!'™ " formalized a certain type of nonlinear
system as a linear parameter varying (LPV) system. It is well
known that many practical LTV systems can be translated into
LPV form. For example, servos with time-varying parameters,
aircraft flying in various situations etc. are described as LPV. A
certain type of nonlinear system also can be translated into LPV
form by Jacobian linearization or quasi-LPV modeling. Shamma
& Athans also succeeded in developing a control strategy for this
system based on classical gain scheduled methodology. Basically,
this LPV control system design method, known as the frozen
parameter method, deals with only parameters that vary slowly
with time. Recently, significant progress has been made in this
area, and a unified H-infinity approach is being developed that is
reducible to a linear matrix inequality (LMI) optimization
problem®12) ~ 47,
method, these approaches take into consideration the time-varying
nature of plants and grow out of ad-hoc interpolation. During the
last couple of years, tutorial paper and special publications
concerning this problem have appeared'® " The recent gain
scheduled method assures a quadratic H-infinity property and
robust stability for all possible parameter trajectories. In contrast
to LTV systems, gain scheduled approaches are applicable under

Compared to the classical gain scheduled
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assumption that the dependent parameters can be measured on-line
instead of prior knowledge.

In LPV control systems, nominal parameter trajectory can be
derived from prior or real-time knowledge, respectively, in LTV or
gain scheduled viewpoint. However, the nominal trajectory differs
from real trajectory because of modeling error, observation error
and so on. Thus, a robust control technique is needed to
compensate for this error.

Turning now to robust control design method, a practical
approach to the design of attachable robust compensators has been
developed® @7 for the LTI plant. The principle behind this
method” is robust model matching (RMM), which adjust ‘a real
plant with a robust compensator’ to ‘a nominal plant’ by
equivalent-disturbance attenuation without changing desirable
response to reference in two-degree-of-freedom control scheme.

In the present paper, RMM has been developed for application
to LPV plants in combination with quadratic L, gain performance
framework. A novel RMM is a unified approach for robust LPV
system and robust gain scheduled system, based on nominal LPV
plant derived from prior or real-time knowledge of the dependent
parameter. Since the additional robust compensator is designed
without informatien of previously designed controllers, moreover,
the robust compensator is constructed separately with the previous
controllers; novel RMM is applicable for any existing contro!
systems. Methods to test robust stability of the overall system for
feasible trajectories are also shown. A design example and
simulation results are presented in order to illustrate the proposed
method.

2. Plant Description

The notation used in this paper is as follows:
w e R’ exogenous inputs {reference, disturbance, etc.)
xe R : state vector,
¥ € R* : measurable outputs,
€ N control inputs,
zeR" : controlled outputs,
o(r) = [91 (1), 6,(1),--.8, (1)] ¢ R time-varying parametric



uncertainty,
d e R : equivalent disturbances representing influence on the
controlled outputs due to trajectory error between the real
dependent parameters and the nominal ones,
1k x k unit matrix,
Or , Oqxp : respectively, k xk ,a xb zero matrix,
Co : convex hull.

Consider an LPV plant: P(8(r)) described by state space
equations as:

X(@)y| {A@Bo() Bw(@(1) By | x(0)
2(1) | =| C2{0(1) Dyz (1)) Dyz | W) | oo (1)
¥1) Cy Dyy  Ogeg Jl u(t)

Here state-space matrices have compatible dimensions. Moreover
we have the following assumptions.

(1) The state-space matrices A(8), Bw(8),C-(8), Dw:(8) depend
affinely on 8(7) .

(2) The real parameter &(f)is not real-time measurable but
nominal one & (f) can be known in advance or on-line. Both
@ and 6y vary the same polytope © of vertices
o, W, 0y N= 2" ; they can be expressed respectively as:

() e ® =Colw, @, 0,}

in

= {ial(f)w. Laft)> O,Zva,(r) = 1}

1=]

8,(Ne®=Co{w, 0, .0,

= {iam(t)a), ca, (1) 2 O’iao.(t) = 1}

(3) The pair (A(#),C,) and (4(8),B,) are quadratically
detectable and quadratically stabilizable over © | respectively.
With above assumptions, the LPV plant is called polytopic
when it ranges in a matrix polytope. Namely, rewriting (1) with
(2), the nominal LPV polytopic plant P(6h) can be expressed as:

A6, BB & 4 B,
a()g‘(t) . s
C(6,) D(B,) C
N
o, (120, ), (1) =1

2w,
i=l

i=] i i

.......................................... (3)
4 B Alw,) Blw,)
Here, = .
C, D Clw,) Diw,)
Also, the real plant P(#) can be expressed as:
A(6) B(9) i A B
o ) Sl 2 7]
c®) Do) S C, D
N ’
2,(1)20, Y e, (=1
i=]
......................................... (4)

3. Controllers Design

We present methods for designing controllers consist of two

1990

W | !
(6, )
u K ¥y
Fig. 1. Nominal control scheme.

components. The one is a nominal controller that is designed
according to the nominal LPV plant to obtain stability and
desirable reference response property (We can also exploit
existing controller for this one). The other is a robust compensator
that is added in order to reduce the influence of parameter
perturbation due to the real parameter’s deviation from the
nominal one based on the method shown in reference (26).

3.1 Nominal Controller Design Consider control
scheme of Fig.1. Here, P(&y) is weighted nominal LPV plant. A
nominal controller: K is designed to satisfy the following control
objectives:

1) Desirable property to reference for P(8),
2) Stability for P(6y) .

For example, the quadratic L, gain performance strategy can be
applied to design the nominal controller. Design of this controller
ig reduced to solve LMI optimization problem similarly
formulated by the method proposed in section five of reference
(14) for nominal plant P(&y) . We can obtain vertex state space
matrices of the controller, and then the resulting continuous
controller is led as:

4.(6,) B, (6y)

( A (@) B(@)
Cl8y) Dy ()

Co(@) D))

J:Zao, (1)

i=1

Remark:
1t should be noted, as to unstable LPV plams (1), we can adopt
gain or dynamic owtput feedback to make them stable due to
quadratic stabilizabilin/®. These stable LPYV plants are regarded
as conmolled plants to design nominal controller and robust
COMPENnSators.

3.2 Robust Compensator Design
trajectory 8(¢) will differ from nominal ones: &y (¢), the LPV
control system that consists of real plant of #(¢) and nominal

Because the real

controller of 8p(f) may not satisfy the desired specifications
mentioned above. A robust compensator should be added into the
control system to recover the specifications.

In this subsection, we introduce the principle of robust model
matching (RMM) method briefly, and develop this method to
apply for LPV systems.

3.2.1 Principle of RMM
have structures separate from nominal control system compared
Fig.1 with Fig.2. Here, the augmented plant is composed of a real
plant : P and a robust compensator: R.

The philosophy of RMM is to make input-output property of
the augmented plant approaches to the nominal model, Namely,
the low sensitivity to external disturbance and modeling error.
This objective is achieved by means of rejecting the equivalent

We see the robust compensator
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Augmented Plant
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Fig. 2. RMM control scheme.

disturbance that represents the modeling errors. It must be noted
that unlike Fig.1, P,K and Rare LTI system, and ye%RE is
composed of z ¢ W™ and Z € RE™: measurable outputs except
z, since we treat equivalent disturbance rejection to z by feedback
control with measurable output y .

The robust compensator: R(s) consists of following elements:
1.0bserver of equivalent disturbances: R, (s),
2 Zeroing matrix: R;(s),
2 Robust filter: Ry(s).

The observer calculates
measurable variables, v and # .
effect of plant’s changes by minimizing transfer matrix of over al!

from
Zeroing matrix cancels the

equivalent disturbances

system from equivalent disturbances to measurable outputs.
Because the R, multiplied by R: is not always proper matrix, a
low-pass filter R, called robust filter should eliminate
differentiators in them. Another purpose of the robust filter is to
consist disturbance rejection with robust stability.

Now we develop the RMM strategy to apply for LPV systems,
and explain design procedure.

3.2.2 Robust Compensator Design for Polytopic LPV
Systems
LTI system, unlike conventional RMM, we propose a robust

Because there is no algebraic transfer function like

compensator based on state-space expression.

1) Observer: Ru(th)

The real signals around the plant can be expressed with the
nominal plant and disturbances as:

y= PO =Pl)u~+d.

The vector d <R¥ represents the influence of trajectory error
on the measurable outputs, and called equivalent disturbance of
LPV plants

The state space equation of the observer R, (8,) can be
derived from substituting (1) into (6) as the following:

. x
|:.xo (t) o A(g()) (BH7 Ofxg) 1:(([))
do e, (0. 1)
(1 C, (0pr L)) )
Besides, x, € R? stands for the states of the observer.
2) Zeroing element: [, (6y)
In RMM control scheme (Fig.2), robust compensator is
constructed as shown in Fig 3. The role of the zeroing element is

to cancel the influence of the equivalent disturbance: d on both
controlled output: z and measurable output: ¥, .
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LPV plant with robust compensator.

G(6,)

v,

R (65)

Fig. 4, Rearranged figurc of Fig.3 except the observer.

Furthermore, corresponding output v, and v, ., R:(f)
consists of two elements R (6h) and R:3(6y). The R(8)
the to z and the R:2(6)
eliminates the influence of ¢ to ..

To do so, first, we design R;1(6h) to satisfy the following
bounded input/output map of the augmented LPV plant for all

eliminates influence of d

possible trajectories as:

"Zuz s 3’||d”2-

This problem can be illustrated simply to LFT (Linear
Fractional Transformation) structure as in Fig 4.
Here, state-space expression of G(&y) is expressed as:

B

x(f) A(@,) Orne u (i)

Z(I) = Cz (1m>0mx(g—m)) Oqu d(t)

d(/ s (!
Q] 04 T, 0, /LY

Above G{(fs) is produced from unweighted nominal plant, but
if necessary we can use weighting function that can be selected
based on a frozen time analysis and follows the same way as
conventional H-infinity synthesis.

Similarly to nominal controller design mentioned in subsection
3.1, we obtain vertex state space matrices of the compensator
(&), and then the resulting continuous compensator is led as:

()l )

i=1
concerning input  , outputs v and state xz1(£) € R

After deriving R , another zeroing element Rz that
produce signal v* added to is considered. We see that
the R,» with the following state space equation makes the
influence of equivalent disturbance o on y; completely zero.

A:4(8y)  B.,(8)
C.(G) D06

Azl (mi ) Bz] (C()I)

Czl (0)1 ) Dzl (wl )

* v



|:i‘zl:| _ [ Azl (00) Ozlxl :”:le :l + |: le (60) :|d
X, B,C,(6y) A6y ]| *x, B,D.,(8y)
V= [ngzl "Cy[);zal]*d T, an

Finally, zeroing element R; that is composed of R, and R
can be derived as:

X5 [ A1 (0y) Ozlx[) [ B,1(8y) J
(%J \BCa@) 40)) \BDa0,) [”q
() . [Cﬂ(@o) omsz (Dzl(ea)J °
vy Ogxzt —Cy -Iq
................................... 12

Here, x; = [xf1 x7 F € R stands for states of the zeroing
element. To convenient notation, we have following equations:

4 :[ Azl(go) Ozlxlj B Z{ le(go) J
FOABCa@) A6)) T \BDuE))
C Cn(6y) O
c =( o ]: 21(60) i)
Can ngzl _(/y

D, = [Dzv J _ {Dzl (90))
D, » Iy
Remark:

The signal d does not always belong to [ signals. However, it
is well known that performance (8) is also effective to finite power
signal. Thus, design based on (8) is useful for most practical
cases.

3) Robust filter

In order to consist disturbance rejection with robust stability
and keep the closed-loop state-space matrix affine dependent on
O(yor By(t), a transfer function matrix called robust filter is
used. To satisfy these requirements, the robust filter should have
adequate band-width and be strictly proper as the form of

i, 4, (B, B, )\,
y |= [ C » ] 0 v,
v* Cﬁ)‘ atg v
....................................... (13)
P A(G) 014
X, 0 04 AG,)
x| B.(6,)C, -B.(6,)C,

1] [BaDa(6)+ By DL (6,)IC,

yz[Cy ng[ ngz ngf:| xa

1992

B, D.,(8,)+ B D_.(6)1C,

4. Robust Stability Analysis of Whole Closed-loop
System

Since robust compensator has a capability to make augmented
plant approaches to P(6}, it is reasonable to suppose that
over-all system including the robust compensator is robust stable.

The overall system is compesed of double loop structure as
shown in Fig. 5. Here, R(6h) = Ry (60)R:(%).

State-space function of P(8,65) consists of real plant P(€) and
observer R, (&) can be derived as:

HEE A M2
m B [gy —S‘,y}[;ﬂ‘

It must be noted that influence of & on v, is completely
eliminated, thus, the lower loop consists of P(@,HO) and K
works unaffected by R(6y) . Therefore, if the robust stability of
upper loop (augmented plant) is assured, the robust stability of the
overall system is also assured.

The rest of this section, first we derive state-space expression of
the augmented plant. Then we show two ways to test the stability
of the augmented plant following the way described in the
reference (16 ).

To convenient notation, the above equation also can be written
as:

i, = A G)x, + B y=C x oo (16)

. e g - T
Here, xpz[xT xI ¥l x?]r,f?:[ﬁfﬂo .

Augmented plant

v, ]| R(6:) J
Vi
w Y P0.6,) >z
Uy K . Vi
Fig. 5. Structure of whole system.
e BLA % B, }
Ixz Bi!f("fv Xo T BH [u
A(0,) 0,, | x Ozxq} ¢
ByCo(0)+B.C6) A %] [Org
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Then we show two ways to test the stability of this system. Note
that Ap(ﬁ(t)) 1s affinely dependent on both 8(f)and &(¢)

4.1  Quadratic Stability The system is said to be
quadratically stabilizable via an dependent parameter if there
exists a (2/+z+ f)x(2+z+ f) positive definite matrix
such that

PAP(§)+AE(§)1)<O e (17)

Inequality (17) is reduced to be similar problem as
after-mentioned (19) with common matrix /.

4.2 Parameter-dependent Lyapunov Functions Less
conservative sufficient conditions for stability over the entire
polytope are as follows:

Since Ap(é) varies in the convex envelope of a set of LTI

models as:

i=1 1=l

Ap(é) e(’o(Al,-»-,AV:):{[i/)’i(l)A, Bz O,iﬁ,(l) = l} ,
g = 4

we seek a parameter-dependent Lyapunov function of the form

V(x,B) = X BB x where P(B)= fE -t Bl
If there exists symmetric matrices Py,--- P2 , and scalars
fy =1; such that

T T
AL 4 PA A DAL <200

P> Toveyy (19)
b ey
: : : <0,
T fontyat)
for all 7 je{l2--- N2} | then the Lyapunov function

V' (x, B) establishes stability of this system.
Remark:

In order to check the stabilitv of A, (tS7 ), it is not necessary to
derive parameters: [((}. Instead, we should find out B s that
satisfy (19) with given 4; s.

5. Example

A classical example of parameter-varying unstable plant that
can be viewed as a mass-spring-damper system with time-varying
spring stiffness is considered. The state space equation of this
unstable unweighted LPV plant is as follows

[ o 1 T _lo

Cz = [_0] 8—‘ R C¥ = [I O], Dwz 2{(1)], Dir: = {?} , Dwy =0

Here the scope of nominal time-varying parameter &(f) is in
polytopic spaces © = (‘o{-1. 1} Also, the nominal trajectory of
dependent parameter &,(f), ¢, (f) and e, {(7) are assumed as:

Gy = cos(0.051) |
an(t)={1-&)/2,

am(t)=1-an().

FEFHC, 123&5 115, 2003 %

5.1 Transferring to Stable LPV System Because the
plant is not stable, firstly, it should be stabilized. After some try
and errors, we found an output-feedback # = —6yto make the

above plant to a stable LPV plant as

0 1 T _[o
A(‘g){fﬁsfo_sa 70,2} B“"[o] B"—L]
(72:{*01 8] Cy =1 o], DWZ:B] @z:m, Dy =0.

5.2 Nominal Controller Design To enforce the

performance and robustness requirements, we treat 7, gain of

the map from w to =z, zz less than }, as the following

inequality (23) and global asymptotic stability for all feasible

parameter trajectories &y in the polytopic space @ .

WS
L, (23)

W,SK

Here § denotes maps from w to zj.
The weighting functions were chosen in sense of frozen time
method as follows:

0.9s+025
- W, = 00045 .

§+0.0001
The gain diagram of the weighs is shown in Fig. 7.
Using standard software from the Matlab LMI toolbox"®, we
got controller vertex matrices as:
169 674 8904
Ay —{27_7 ~9.49 14136} Bl =[-013 —009 022,

~223 —0016 9403 :

Cr =286 917 16723] Dy =0,

173 6954 8905
Az =|—-283 —981 —14137|,
-226 -0.037 -9403
BI{Z = BIT{']’C“ 2 O, Dy = 0 - (25)

Fig. 6. Block diagram of the nominal control system.

10*
10° ; ™ ‘
i " El
: N,
: \\
%102: \\
E N
=
®10 L N,
£ i)
P
3 .

=]

10° :
0° 10° 100
Frequency(radian/sec)

Fig. 7.  Gain diagram of weighting functions.



Then the nominal controller can be constructed as:

4, B Ay By Ay By
. +a,(f) )
Cro Dy

(43w )
c, D, C

The H-infinity norm of the above optimal problem }is 0.92

k1 k1

after 27 iterations of the algorithm.

5.3 Design of Robust Compensator

1}  Observer

Observer of the base-equivalent disturbance R, is derived
from substituting (22) into (7) as

) 0 1 0 0} x,
x
[;J= -6.5-054, -02 1 0 u\ |. @27
1 0 01 y
2) Zeroing element
According to the subsection 3.2.2, we consider the

minimization problem as (8). After some try and errors, the
following weighting function: k(s} was used in both d to d
and d to Z relation of G{#) in Fig4 to obtain feasible
LML

Using Matlab LMI Toolbox, solving for the zeroing element
vielded a performance level of » =1.03 after 13 iterations of the
algorithm, we got the optimization result as

935¢-2 23¢-2 -146 -235 0.69
0.15 L8 a5l | 013
R g0 145 476 553 T o3
83¢-2 92 -2 076 -322 35
C.., =[-004 028 876 1608], D, =0.
And, Agrs2 = Apa11, Bra2 = Bra,

C..=[-85-3 062 78 161],D , =0.

.......................................... (29)

Consequently, R,; whose inputs and outputs are respectively

d (out put of the observery and v, is given as:

A B A B A4 B
R:l Rzl = t Rell Rzl + t _R;l?_ fzl2
[Cﬂzl DR:E J am ( )[(j}?:]! DR:]I } aoz( )[("R:IE IJR:IZJ
............................................ (30)

Substituting (30) to (12), we can get Zeroing element
R, whose inputs and outputs are respectively d and (vz,vr
as:

95%2  2%2 -l46 BS 0 0

015 s 135 0 0

p 021 145 4% 53 0 0

5 8% 9% 0% 22 0 0

0 0 0 0 0

0025400164, 0.45+0.178, 8.3-045¢, 160+0,128, ~6,5-0.56, 02
0.69
~0.13
0.13
B= 55
0
Lo

1994

c 7[—0.025#}.01600 0.45+0.178y 8.3-0.458, 160+0,126, 0 0}

0 0 0 0 =10
0
nd0]

3) Robust filter
In this case, after some try and errors, the robust filter was
chosen to tune contrel performance as:

_[-ts o] s o[t o],
T 0 as YT Lo sy ) Lo )Y

5.4 Stability Test of Whole System The common
P > 0 satisfying (17) was not found for the AP(§(t)) in this
case, but parameter-dependent £ s satisfying (19) were found.
Each P was12x12 positive definite matrix and omit here due
to lack of space.

5.5 Simulation Results
illustrated by indicial responses. Proposed control systems are
compared with nominal control system designed based on
reference (14).

Here, real parameter changes more quickly than the nominal

The proposed method is

one, which is tight situation for classical gain scheduling (frozen
parameter method).

Even if parameter changes quickly and deviates from nominal
ones, the proposed method shows near response with desirable
ones. From Fig 9, the response of proposed method has almost the
same property as nominal system.

Dependent parameters

30
time(s}

(1) Trajectory of real dependent parameter: 8(t) = 2.5 + cos(0.24)

(ii) Trajectory ol nominal dependent parameter

Fig. 8. Parameter trajectones.

1.5
5
g

{e) (a)

- ® ¢
R
i
£o05
3

0

0 10 30 40 a0
time(s)

(a) Control system without robust compensator; (b) control svstem
with robust compensataor; (¢} nominal system.

Fig. 9. Indicial responses.
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6. Conclusions

In the present paper, a new attachable compensator design
method that deals with the following issues has been proposed:
(1) Robust LPV system design,

(2) Robust gain scheduled system design.

The Robust Model Matching has been expanded to solve above
both problems for polytopic LPV plant.

The problems are reduced to an optimization problem having
LMI constraints for the vertex matrix derived from LPV plants.
The robust compensator is designed using only information from
the nominal plant, so the robust compensator can be attached to
any types of existing control system. Methods to test robust
stability - of the overall system with LPV plants for feasible
trajectories also have been shown. The design procedure has been
demonstrated in an example design, and the performance of the
proposed method has been examined.

(Manuscript received October 1, 2002; revised March 13, 2003)
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