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Stability Analysis of the Characteristic Polynomials

whose Coefficients are Polynomials of Interval Parameters

Using Monotonicity

Takeshi KAWAMURA* and Masasuke SHIMA**

In this paper, we analyze the stability of the characteristic polynomials whose coefficients are polynomials of
interval parameters via monotonicity methods. Our stability conditions are based on Frazer-Duncan’s theorem
and all conditions can be checked using only endpoint values of interval parameters. These stability conditions
are necessary and sufficient under the monotonicity assumptions.

When the monotonicity conditions do not hold on the whole parameter region, we present an interval divi-
sion method and a transformation algorithm in order to apply the monotonicity conditions. Then, our stability
analysis methods can be applied to all characteristic polynomials whose coeflicients are polynomials of interval

parameters.
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1. Introduction

In this paper, we study the stability of the following

characteristic polynomial F(s,p),

F(s,p) = ca(p)s™ + en1(P)s" M+ ..+ colp) (1)

where p = (p1,...,pm), and ¢;(p) = ¢;(p1,...,Pm)
is a polynomial of p; € [ ps, E]ILCS‘E,
i=1,2 ...,m, j=0, 1,...,n,
peEP=I xIyx - x1In,

and ¢, (p) >0

It is one of the problems of the control theory whether the
characteristic polynomial (1) is stable or not for all param-
eter values belonging to P. Essentially, for our present
purpose of the stability analysis of (1), it is satisfactory if
the Routh-Hurwitz conditions hold for any p € P. But,
how we can ascertain it, this is the central and very difi-
cult problem. In this respect, it seems that the following
theorem given by Frazer and Duncan is most fundamen-
tal.

Theorem 1. (Frazer and Duncan) 1:2) The character-
istic polynomial (1) is stable if and only if the following

two conditions are satisfied.
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1)  The largest Hurwitz determinant H,(p) does not
vanish for any p € P. ;
2) = There exists a p’ € P where F(s,p’) is stable.
Theorem 1 is equivalent to Hermite-Biehler’s theorem 2> ¥
and still has the deficiency that the condition 1) is diffi-
cult to verify. For the single parameter- case: m = 1,
we have the tools such as Sturm’s theorem® and so on
if the coeflicients are polynomials of the one parameter.
For example, if Theorem 1 is applied to the segment of

polynomials

F(s,)) = (1= XN)po(s) + Api(s), A € ]0,1], (2)
where the highest coefficients of po(s) and pi(s)

are positive,

we can derive the following result by Hwang and Yémg
directly.

Theorem 2. (Hwang and Yang)® The convex com-
bination of given polynomials po(s) and p1(s) defined in
(2) is Hurwitz stable for all A € [0,1] if and only if the

following conditions hold:

1) One of the end-point polynomials po(s) and pi(s)

is Hurwitz stable and the other is positive at s = 0.
2)  The entry an-1,0(\) of the optimal fraction free
Routh array is positive for A € [0, 1].
The optimal fraction free Routh array is given by Jeltsch
" and Hurwitz determinants Hy, Hy, Ha, - - -, H,, appear
in the first column of his fraction free Routh array. In this

case, the entry an—1,0{A\) = Hn—1(A). And condition 1) of

~ Theorem 2 means that the constant term of s in F(s,\)

is positive and F'(s,\) is stable at one of the endpoints
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of X. Since H,()\) is a product of H,_1(A\)(= an_1.0(N))
and the constant term of F'(s, \), Theorem 2 is a segment
polynomial version of Theorem 1.

Moreover, the condition 1) of Theorem 1 is the most
simple one from the viewpoint of calculation of the Routh
array, which is learned from the theory of optimal fraction
free Routh array by Jeltsch. But, for the multi-parameter
case: m > 1, there is not yet any result comparable with
Sturm’s theorem as in the one parameter case for checking
condition 1) of Theorem 1 on the whole parameter region.

In order to study the multi-parameter case, we have
proposed the use of monotonicity property of multivari-
able polynomials and presented stability conditions which
we have to calculate only at the endpoints of P~!V.

There are some cases, in which the monotonicity con-
ditions do not hold on the whole parameter region. If
the zeros of partial derivative with respect to an interval
parameter do not depend on other parameters, we divide
the parameterkinterva‘l to subintervals so that the mono-
tonicity conditions hold. On the other hand, if the zeros
of partial derivative with respect to interval parameters
depend on other parameters, we make a monotone poly-
nomial with new independent interval parameters. The
latter procedure is the modification of Sideris’ method
which transforms the polynomial to the multi-linear form.
And the number of new independent parameters in our
method is not larger than that of Sideris’ method.

Finally, we will illustrate our method and stability con-
ditions by an example. Since our stability conditions with
transformation algorithm are sufficient, so we will com-
pare the conservativeness of our stability conditions with
that of Siljak’s conditions and Sideris’ conditions in the
same example. And the relation between our stability
conditions and the edge theorem will be discussed by us-

ing two examples.
2. Monotone multi-variable polynomials

The characteristic polynomial (1) is also derived from
the linear system in the state space form with structured
uncertainties. In case of complex systems, interval pa-
rameters appear in polynomial form: in the coefficients of
the characteristic polynomials. Some of them are given
in the examples in the reference 2). If we use the max-
imum and the minimum values in place of polynomials
of interval parameters in the stability analysis, the de-
rived stability conditions become only sufficient and have
the stability margin. Since, in general, it is difficult to
check the stability of the characteristic polynomial (1),

several assumptions and alterations are made for the sta-

bility analysis. In this paper, we use the assumption of
the monotonicity with respect to interval parameters in
(D). ,
There are m interval parameters in (1), so we pre-
pare the following definition for the convenience of ex-
pressions.

Definition. In this paper, we consider parameters p1,
D2y o ey Pm; Pi € []_Ji,ﬁi]: I,CcR,i=1,2,...,m.
For the parameter region P defined in (1), we denote its
endpoint as p* and the set of endpoints as P*; p* € P*.
o k=1, Pkt1y «« s Pm),s
X Tpoqg X Tpp1 X -0 X Iy,

And we define pr, = (p1, p2, .-
Pr€Pr=1I x1Ty%---
k=1, 2, ..., m. For the parameter region 75k, we also
denote its endpoint as p} and the set of endpoints as P};
b € Pr. 0
Definition. (Monotone polynomial of p on P)% Let
#(p) be a polynomial of p; € [p;, i ] C R, i=1,...,m.

If one of the following inequalities:

% 20, pi € [pi, Pil ©
or

0

*g%i@ <0, pi € [ps, Pi W

holds for any fixed p, € 751', ¢(p) is called a monotone
polynomial of p;.
If ¢(p) is monotone with respect to all p;, i = 1,---,m,
then it is called a monotone polynomial of p. 0
How to check the monotonicity conditions

In the reference 9), we have provided a finite procedure
with which we can check the monotonicity condition (3)
or (4) by using only the endpoints p* € P*. In some cases,
our procedure requires finite but many steps of calcula-
tions with the aid of computer’ algebra system. In this
respect, it is worth to note that there are two cases where
the monotonicity can be checked immediately.

Case 1: If the partial derivative is in the form of

9¢(p) .
ZA\E) 5, 5
o~ P ()
where ¥(p;) is a polynomial of p;,
¢(p) is monotone in p;. The proof is obvious.

Case 2: If the partial derivative is calculated as

8_;%) = o1 (pi)2(P;), ©

where 1 (p;) is a polynomial of p;
and 2(P;) is a polynomial of p;,
the monotonicity of ¢(p) with respect to p; can be
checked by ¢1(p;). If one of the following conditions:

1(ps) > 0 for p; € [gi, D) (7)

or
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P1(p:) < 0 for p; € [pi, Pi (8)

holds, ¢(p) is a monotone polynomial of p;.

The case 1 is a special case of the case 2, where 1 (p;)
is constant. And if the polynomial ¢(p) is linear or affine
or multi-linear with respect to p, ¢(p) is in the case 1. So
we separate the case 1 from the case 2.

In the case 2, if v;(p;) changes its sign on the inter-
val [pi, Pi], we can divide the interval into subintervals
and 1 (p;) is monotone on each subinterval. In addition,
the conditions (7) or (8) can be checked by using Sturm’s
theorem at the endpoints of p;.

Of course, there are other cases where we can check eas-
ily the monotonicity of ¢(p). The typical case is given in
the section 5.1.

3. . Stability analysis with monotonicity

assumptions

In this section, we derive the stability conditions under
the monotonicity assumptions. In our previous papers
9~ we have used the notion of monotonicity for multi-
parameter polynomials to derive stability conditions. If a
polynomial is monotone with respect to interval parame-
ters, we can derive its maximum and minimum values on
the whole parameter region using the value of polynomial
at the endpoints of the parameter region P. Thus, if a
polynomial satisfies the monotonicity conditions, we can
show its positivity on the whole parameter region using
only the endpoint values of parameters. Applying this
idea to the condition 1) of Theorem 1, we obtain the sta-
bility conditions as follows.

Since the condition 1) of Theorem 1 is expressed by
means of Hurwitz determinant, we denote Hurwitz deter-
minants as H1(p), H2(p), - -+, Ha(p).

cno1(p) cn-3(P) cn-s5(P)
cn(p) cn—2(p) cn-4(p)
0 cn-1(p)  cn-3(p)
(p)

(

H,(p) = 0 en(p)  cn—2(p (9)
0 0 Cn—1 p)
0 0 cn(p)

Then, we have the stability conditions:

Theorem 3. We assume H,,_1(p) and co(p) are mono-
tone in p, then the characteristic polynomial (1) is stable
if and only if the following two conditions hold.

1)  H,-i(p) and co(p) are positive at all endpoints p*

e P
2)  F(s,p) is stable at one of the endpoints p* € P*.

Proof. We assume c,(p) is positive in (1).  If F(s, p)
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is stable, all coefficients of F(s, p) are positive and all
H;(p) > 0,i=1, 2, ---, n on the whole parameter region
‘P. Then all conditions of Theorem 3 hold.

Under the monotonicity condition of H,_1(p) and ¢o(p),
the minimum value of H,_i(p) and cy(p) with respect
to p are found at some endpoints in P*, respectively.
Then, if the condition 1) of Theorem 3 holds, H,-1(p)
and co(p) are positive on the whole parameter region P.
Since H,(p) = Hn-1(p)co(p), if the condition 1) of The-
orem 3 holds, then the condition 1) of Theorem 1 is satis-
fied on the whole parameter region P. The condition 2) of
Theorem 3 is equivalent to the condition 2) of Theorem 1.
Thus, under the assumption of monotonicity, condition 1)
and 2) of Theorem 3 are necessary and sufficient for the

stability of F(s, p) on the whole parameter region P 0

4. Interval division method and trans-

formation algorithm

Unfortunately, there are some characteristic polynomi-
als which do not satisfy the monotonicity conditions of
Theorem 3 or are difficult to verify the monotonicity.
Next, we will consider how to apply our monotonicity con-
ditions to the general cases.

4.1 Interval division method

If f(p) is not monotone in p; and zeros of df(p)/dp; =
0 do not depend on other interval parameters pi (¢ # k),
we divide the interval of p; at zeros of 8f(p)/dp; = 0.

Interval division method If a polynomial f(p) is not
monotone in p;, and £ zeros (pzi1 < pziz < ... < pzy) of
df(p)/Op; = 0 do not depend on other interval parame-
ter pk, i # k, we divide the parameter interval of p; into
.y [pzie, Bi).

Then, f(p) is monotone in p; on each subintervals. 0

subintervals: [pi,pzi1], [pzi1, pzi2), .-

When we apply this method to H,,_1(p) or ¢o(p) which
is not monotone in p, the conditions of Theorem 3 remain
necessary and sufficient on the subintervals.

4.2 Transformation algorithm

In this section, we consider a case where zeros of
df(p)/Op; = 0 depend on the other interval parameters
pr (¢ # k). In this case, we cannot apply the above men-
tioned interval division method.

Let us consider a simple example of Sideris’ method,

g= p? —pip2, p1 € [07 1}1 P2 € [07 2] (10)
In this case, we have the following derivatives

dg 4

= = - 11

Bpy — P12 (11)

0

2 = _p. (12)

- Opa
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g is monotone in pz(monotone case 1), but not monotone
in p;. In this case, when p is ﬁxed(m # 0), the partial
derivative (11) changes its sign on the interval p; € [0, 1}.
And zeros of ag/'apl = 0 depend on-pz, then we cannot
divide the interval of p; to subintervals.

Sideris and Pefia® showed how to calculate the maxi-
mum value and the minimum value of g with respect to p.
They introduced new independent parameters and modi-

fied g to g’
g = P1Pap3paps — P1Ds (13)
where p € [0, 1], p € [0, 1], p5 € [0, 1]
Py € [0, 1), p5 €[0, 1), ps € [0, 2].

In this modification, g is embedded in g’, and g’ is multi-
linear with respect to the parameter p}, ps, ps, P4, ps, and
ps- In this case, [min(g), max(g)] C [min(g’), max(g’)] on
the parameter region.

In this paper, we modify Sideris’ method to make the
monotone polynomials with respect to interval parame-
ters. In this example, if term —p; does not exist in (11),
“then g is monotone with respect to parameter p;. So we
introduce new independent parameters p1, p2, and ps with
p1 = p1 and P2 = p2. Then we modify the second term

13

“—p1p2” to “—pape”, where ps € [0, 1] and denote the

new polynomial § by
g = 51 — Do (14)
where p1 € [0, 1], p2 € [0, 2], p3 € [0, 1].
Then, we have derivatives with respect to p;, i = 1, 2, 3,

g)_ﬁgl = 5p1, —gﬁg—z = —ps, %9; = —p. (15)
‘We can see that § is monotone in all parameters p1, pa,
and ps. And g is embedded in §g. Now, we prepare one
definition in order to describe the above mentioned pro-
cedure.
Definition. (Monotonization index) Let us consider

the polynomial
®(p) = piWalB;) +p{ Va(b,) + - +P{e(Py)
+p] ¥y (B;) + X(B;) (16) .
wherea > 03> --->(>n>1,
a, B, -, (,ne Z, and ¥, Yg, -,
V¢, U,, X are polynomials of p,,
p=(p1,--,Pm).

For this polynomial, we set a monotonization index mz;

for parameter p; as

mz; = o — 1. (17)

0

Using this definition, we will propose a transformation al-
gorithm. If the polynomial is not monotone with respect
to an interval parameter and the interval division method
cannot be applied to the parameter, we will use the fol-

lowing procedure.

Algorithm

Step 1. Firstly, the order of terms in the polynomial
should be set by the descending order of powers of p;.
Then, the polynomial is in the form of (16), which will
be assumed in the following procedure. We calculate
the monotonization index mz;.

Step 2. If the monotonization index mz; is smaller than
n; the lowest degree term of p; ( mz; < 7)), then go to
Step 4. Or else (if mz; > 7), go to Step 3.

Step 3. In this step, mz; > n. And we transpose the
lowest degree term of pi: p] — ¢ 'gm41 and in otghér
terms all p is transposed to q; ¢ = (q1, .-+, gm), q; €

[pj» B, 4= 1,2, ..., m, and gm+1 € [pi, Pi]. When we

apply this step to (16), we have

(q) = ¢V (@) + @ Vs(@;) + - + a5 ()
+q?A1Qm+1\pn((Ali) + X(@i) (18)

Then we check the monotonicity of the transposed poly-
nomial $(q) with respect to ¢;. If the transposed poly-
nomial is monotone in ¢;, the algorithm ends, or else
we transpose again parameters ¢ — p with added new
interval parameter pm41 € [pi, Pi] and set P — ®, then

go to Step 1.

If the lowest degree of p; is 1 (n = 1) in the polynomial
®, the lowest degree of g; in the transposed polynomial
5(q) becomes ¢. And if the transposed parameter pm.1
does not appear in the lowest degree term of p;, we
transpose p; — @m+1 using the above mentioned rule.
If there are transposed parameter pm41, ..., Pmtk, W€

transpose p; — gm4-k+1-
Step 4. In this step, mz; < n. We transpose the high-

est degree term pf — q;-’“lqmﬂ and in other terms all
vgm), Gi € [pi, i), i =
1,2,...,m, and gm+1 € [pi, Bi). If we apply this step
to(16), we have

p is transposed to q; ¢ = (¢, - -

®(q) = ¢ " gmirVald,) + 47 Vp(@,) + -
’HIE‘I’C (a;) + q:-’\I/n(E]i) + X(q,) (19)

Then we check the monotonicity of the transposed poly-
nomial ®(q) with respect to g;. If the transposed poly-
nomial is monotone in ¢;, the algorithm ends, or else
we transpose again parameters ¢ — p with added new

interval parameter py, 11 € [pi, 5] and set P — @, then
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apply this Step 4 repeatedly.

If we have applied this Step 4 to (16) (o — () times,

we have
(@) = ¢/ Tp(@:) + -+ ¢/ Vn(@) + X (@) (20)
where U5 (d;) = gm+19m+2 - - - Gmta-p¥a(d;)
+s(a,)
If we cannot verify the polynomial is monotone in p; in

this Step 4, we should apply this step (o — 7)) times,

we have
B(q) = ¢/'Tn(@) + X (b)) @1)
where ¥,(4,) = gm+14me2 -+ Gm ta-n¥a(d,)
+dmta-p+1 - Gmra-—n¥p(d;) + -
Hmta-cr1- - Gmra—n¥e(@:) + V().

In this case,

To) — g (4. (2)
If 7 — 1 is even (n is odd), ®(q) is obviously monotone
in g.. If n — 1is odd and the interval [pi, Pi] do not
contain 0, ®(q) is also monotone in g;.

If n — 1 is odd and the interval [p;, p;] contains 0, we
divide the interval at 0. Then, ®(q) is monotone on [p:,
0] and [0, P;}. In this paper, we consider the positivity
of polynomial in Theorem 3 and, in this case, 7 is even
for ®(q) = ¢/V,(q,) + X(4;). Therefore, if Ipil > P,
we should check its positivity only at 0 and p;, so we
can reduce the interval to [p;, 0]. Conversely, if |pi| <
Pi, we should check its positivity at only 0 and p;, and
reduce the interval to [0, P;]. If the transposed polyno-
mial is monotone in ¢; or finally, the form of (21), then
the algorithm terminates.

If the transposed parameter p,, 41 do not‘exist in the
highest degree term, we transpose p; — gm+1 using the
above mentioned rule. If there are transposed parame-
ter pm+1, -« Pmik, we transpose p; — gm4k+1-

i
Remark 1. (Step 3): If we have applied only Step
3 to (16) (o — B) times, we have

B(q) = 7 Vald;) + a7 Vp(@) + - +af Ve(d)
+X(4,) (23)
where )~((f11) = X(4;) + gm+1Gms2 - - -Qm+_n‘1’n(f1i)
If (23) is not monotone in g; and mz; > ¢, we apply Step
3 again. If (23) is not monotone and the inequality mz;
< ( is satisfied, we go to Step 4.
In the following, we will explain St‘ep 4 is finished even

if the intermediate polynomials are not monotone. If we

apply Step 4 to (16), mz; always decreases and the same
type of inequality mz; < 7 remains valid until the algo-
rithm of Step 4 comes to the end in finite steps.

On the contrary, in Step 3,-both the monotonization in-
dex mz; and the lowest degree term of p; may change
simultaneously. Hence, according to the value of mz; —
(the lowest degree of p;), we go to Step 3 or Step 4. So
long as the value is positive or equal to 0, we apply the
procedures of Step 3, repeatedly. In this case, if we apply
only Step 3 for (16), we have

®(q) = ¢ ¥a(d,) + X () (24)
where X(4;) = X(@;) + Gm11Gm+2 - - Gt U (@)
+@mt1@mt2 - GrreWe(q;) + -
+Gm+1qm+42 ... Qm+ﬁ‘1’ﬂ(@i)-

This polynomial (24) is similar to (21). As the space is
limite‘d, we only note that transposing 7 to «, the same
argument of the monotonicity in (21) can be applied to
(24) and the algorithm ends in finite steps.

Therefore, the algorithm terminates for all polynomials in
finite steps. [
When we apply this algorithm to H,_1(p) or co(p) which
is not monotone in p or cannot verify the monotonicity,
we can use Theorem 3 for the stability analysis, but con-
ditions become sufficient. If the number of additional in-
dependent parameters increases, the stability margin also
increases in general. On this point of view, the stability
margin of our method is not larger than that of Sideris’
method, because the number of new independent param-
eters of our algorithm does not exceed that of Sideris’
method. k

5. Examples

Let us consider the stability of the following character-

istic polynomial:

F(s,p) = s+ (3p} + pipz + p1pa + 3p1 + 10)s°
+ (4p3 +p3 + 15)s + 6pipa + 17 (25)

Source of this characteristic polynomial is the reference
12), in which Barmish showed Sideris’ method. In this
example, we will check the stability of (25) for two sets of
interval parameters p; and p2. And we will compare our
method with Siljak’s method and Sideris’ method for the
polynomial (25) in this example.

Now, we apply our method to this characteristic poly-

nomial. We have

Ha(p) = 133 + 45p1 + 40p? + 57p5 + 12p5 + 9p1p2
+ 15p%pa + 4pips + 4p’ps + 10p2 + 3p1p2
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Table 1 Hz(p) and co(p) at p*

p1_p2 | Ha(p) co(p)

0o 0] 133 17
0o 1| 143 17
1 0| 287 17
1 1| 337 23

+ 3pip3 + p1p3 + pips (26)

Co(p) =17+ 6pip2. (27)

5.1
Firstly, we check the monotonicity of Hz(p) and co(p)

Moneotone case: p; € [0,1], p2 € [0,1].

with respect to p.

9%;% = 45 + 80py + 171p3 + 60p] + 9p2 + 30p1p2
+ 12pipz + 16pip2 + 3p3 + 9pip; + ph
+ 2p1ps >0 (28)
81;1;(2;)) = 9p1 + 15p7 + 4p} + 4p1 + 20p2 + 6p1p2
+ 6pip2 + 3pips + 3pip3 > 0 (29)
And for co(p), we aiso have
é)g—“p(lgl = 6p3, Q%)l—gﬂ = 6p1. (30)

Then, we can see that Hz(p) and co(p) satisfy the mono-
tonicity condition for p; € [0,1] and p2 € [0, 1], because
all coefficients in (28), (29), and. (30) are positive. Theén
we have Table 1. From Table 1, we can learn that Ha(p)
and co(p) are positive on the whole parameter region P.
At any endpoints of p, the characteristic polynomial is
stable. Thus, the characteristic polynomial (25) is stable
with p1 € [0, 1} and p2 € [0, 1]. In this case, our conditions
are necessary and sufficient.

5.2 Non-monotone case: p; € [—0.8,0.4] and p;

€ [-6,3].

For intervals p1 € [-0.8,0.4] and ps € [—6, 3], we check
the monotonicity of Ho(p). In this case, if py is fixed at
—6, (28) is positive at py = —0.8 and negative at p; = 0.4.
And also if p; is fixed at 0.4, (29) is positive at pp = 3 and
negative at p = —6. Then, we can see that H2(p) is not
monotone in p on given intervals. Firstly we transform
H,(p) with respect to p1 using our algorithm.

Ha(p) = 12p] + 4pip2 + pi(57 + 4p2 + 3p3)
+p3 (40 + 15p2 + p3) + p1(45 + 9p2
+3p3 + p3) + 10p3 + 133. (31)

In this case, the monotonization index mz; = 4 and the
lowest degree of p; is 1, then we apply Step 3 in the algo-
rithm. Applying Step 3 three times, we have

Ha(q) = 124} + 4qiq2 + ¢S (57 + 4g2 + 343)
4394 (40 + 15g2 + ¢3) + q3(45 + 9¢2
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+3q5 + ) + 10g5 + 133 (32)
where g1 € [-0.8,0.4], g2 € [—6,3],
gs € [-0.8,0.4], g4 € [-0.8,0.4].
Then, monotonization index mz; becomes 2 and the low-
es.t degree of q; is 3, so we apply Step 4. Applying Step 4
twice, we have
Ha(q) = (57 + 4qz + 3¢5 + 12g3q4 + 4203)
+q3q4(40 + 15¢2 + g5) + qa(45 + 9g2
+3q5 + ¢3) + 10g5 + 133 (33)
where ¢1 € [-0.8,0.4], ¢2 € [-6,3],
qs € [—0.8,0.4], g1 € [-0.8,0.4].
In this case, ‘H, is monotone in q1:

oH, (9)

Oq

Next, we consider the condition with respect to p2. Now

= 3¢1(57 4 4g2 + 3¢5 + 12q3qa + 4¢2q3).(34)

we consider the following (transposed) polynomial
Hy(p) = pipa(1 + pa) + p3(10 + 3pi + 3ps)
+pa2(4p} + 9ps + 4pips + 15papa)
+12pipapa + 57pF + 45pa + 40paps (35)
where p1 € [-0.8,0.4], p2 € [-6,3],
ps € [~0.8,0.4], pa € [~0.8,0.4].

In this case, mzz = 2 and the lowest degree of py is 1.
Then, we apply Step 3. We have
Ha(q) = a3gs(1+ ga) + ¢5(10 + 343 + 343)
+as(4q} + 943 + 447 g5 + 15434)
1124 gaqa + 575 + 45¢3 + 40gsqs (36)
’where gs € [-6,3]
The monotonization index mzy changes to 1 and the low-

est degree of g2 becomes 2. Then, we apply Step 4. We

have
Ha(q) = ¢3(aaqs(1 + qa) + 10 + 37 + 3gs)
+q5(4q; + 993 + 4q3 g5 + 15q3q4)
+12¢7qsqa + 57q3 + 45qs + 40gaqs (37)
%Z; = 2q2(gaqs(1 + qa) + 10 + 3q7 +3g3)  (38)
where ¢1 € [-0.8,04], ¢2 € [-6,3],

g3 € [-0.8,0.4], g4 € [-0.8,0.4],
gs € [—6,3].

Then (37) is monotone on the divided interval g2 € [—6,
0], [0, 3]. According to Step 4, we can reduce the interval
of g2 to [-6, 0]. And in (37), other parameters ¢z, qa,
and gs appear multi-linearly, thus (37) is monotone in g.

Then, we have Table 2. In this case, (37) is positive at
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Table 2 Ha(q) at g*

g1 @ g3 g4 g5 | Ha(q)
-0.8 -6 -0.8 -0.8 -6|304.846
-0.8 -6 -0.8 -0.8 3 |315.157
08 -6 -08 04 -6|604.443
-08 -6 -0.8 04 3 |107.758
-08 -6 04 -0.8 -6|478.789
-0.8 -6 04 -0.8 3 |445.986
08 -6 04 04 -6| 32899
08 6 04 04 3 |549.685

0.8 0 -08 -08 -6|51.9824
-0.8 0 -08 -0.8 3 |114.133
08 0 -08 04 -6]|144.219
0.8 0 -08 04 3104144
08 0 04 -0.8 -6|148.165
0.8 0 04 -0.8 3 |89.4416
-0.8 0 04 04 -6102.046
-0.8 0 04 04 3 ]141.301
04 -6 -08 -08 -6} 419.24
0.4 -6 -0.8 -0.8 3 {°400.52
04 -6 -08 04 -6]685.659

04 -6 -08 04 3] 209.71
04 -6 04 -08 -6]543.416
04 -6 04 -08 3 |556.232
04 -6 04 04 -6|410.206
04 -6 04 04 3 |651.637

04 O0.-08 -0.8 -6|104.168
04 0 -08 -0.8 3]137.288
04 0 -08 04 -6|163.227
04 0 -08 04 3 501584
04 0 04 -08 -6|150.584
04 0 04 -08 3| 13748
04 0 04 04 -6]|121.054
04 0 04 04 3 |181.045

Table 3 co(p) at p*

all endpoints q*, then we learn that (37) is positive on the
given region. And H(p) is positive on the given region
P, because Hz(p) is embedded in (37). k

Finally, we check co(p). From (30), we can see that
co{p) is monotone in p. When we check the value of ¢o(p)
at p*, we have Table 3 and learn that co(p) is positive
at all endpoints p* € P*. In this example, at any end-
points of p, the characteristic polynomial is stable. So
the characteristic polynomial (25) is stable on the given
parameter region P.

5.3 Comparison of our method with Siljak’s

method and Sideris’ method

In the reference 13), Siljak and Stipanovi¢ made the
sum of the square of the real part and the square of the
imaginary part of F(jw, p) and derived each minimum

value of coeflicients with respect to p. For these coef-

#£338% $6% 200246 H 563
Table 4 The modified Routh array with p; € [0,1] and p2 €
{0,1]
-1 68 428 289
-3 136 428

22.67 285.33 289
173.76 466.24
224.50 289
242.56

289

Table 5 The modified Routh array with p1 € [—0.8,0.4] and

P2 € ['*6'3]
-1 -57.783424 - 187.992436 6.76
-3 -115.566848 187.992436

-19.261141  125.3282906 6.76
-135.087232 186.9395388
98.67389283 6.76
196.1941619

6.76

ficients, Siljak applied Sideris’ method and the iteration
algorithm, named Bernstein subdivision algorithm ¥, in
order to calculate the minimum value of each coefficients
of squared polynomial with respect to p. Making the poly-
nomial with the minimum value of each coefficients with
respect to p, then Siljak calculated his modified Routh

13),15)

array Applying Siljak’s positivity method to (25),

we have the following squared polynomial:
g(w,p) = 289+ 204pps + 36p3Ip3 + (—115 — 102p

+ 120p? — 102p3 + 16p% — 154p1p2 — 70p3p2
— 36pip2 + 30p; — dpips — 12pip5 + py)w
+ (70 + 60p1 + pi + 60p} + 18p1 + 9p$
+ 20p1p2 + 26pTps + 6pip2 + 6pips + 6pip2
— 2p5 + pips + 2pips + pips)w’ +w®  (39)

For the intervals p1 € [0,1] and p;e [0,1], the minimum -

values of coeflicients with respect to p are calculated by

‘numerical method. Then, we also have

g(w) = w® + 68w? — 428w + 289 (40)

and the modified Routh array(Table 4).
And for the intervals p; € [-0.8,0.4] and p, € [—6,3],

we have
g(w) = w® ~ 57.783424w” — 187.960336w + 6.76 (41)

and the modified Routh array(Table 5).

The first columns of both modified Routh array(Table
4, Table 5) have one sign variation, then the characteristic
polynomial is not R 4.-positive. Thus, we cannot ascertain
its stability using Siljak’s method.

In this example, since there are only two interval pa-
rameters, we can see its stability by other methods, for

example, some graphical methods. And we can learn that
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the characteristic polynomial (25) with all interval param-
eter sets of p; and p; in this example is stable.

When we apply Siljak’s method to the characteristic
polynomials (25), the degree of each interval parameters
in the coefficients of (39) become to doubled degree of
(25). Therefore, the complexity of calculation in the sta-
bility analysis also increased. Siljak compared the sta-
bility margin of two methods by the stability test of the
example and showed that using Bernstein subdivision al-
gorithm has smaller stability margin than using Sideris’
method ¥, From the same point of view, our method is
less conservative than Siljak’s method.

In case of p; € [-0.8,0.4] and p2 € [—6, 3], if we apply
Sideris’ method to the coefficients of (25), we have

F'(s,p') = 5" + (3p\paps + Pipapl + piph + 3pi
+10)s” + (4p1p} + pips + 15)s
+6p1py + 17 (42)
where p) € [-0.8,0.4], py € [-0.8,0.4],
ph € [-0.8,0.4], py € [-6,3], ps € [-6,3].
In this case, the characteristic polynomial(42) is unsta-
ble at p] = 0.4, p5 = 0.4, ps = 0.4, pj = 3, p5 = —6.
Thus, our method is also less conservative than Sideris’
method.
If we apply Sideris’ method to Hz(p) for p; € [—0.8, 0.4]

and p; € [—6, 3] instead of our methods, then we have
Hj(p') = 133+ 45p} + 40p}ph + 57pphph + 10pep5
+12p1popapips + 9P 16 + PLp2pepTPs
+4p1papsp6 + 4P1papaPape + 15p1P2Ds
+3p1p6p7 + 3p1PapaPepy + Pipepips (43)
where  p} € [-0.8,0.4], ph € [~0.8,0.4],
p3 €[—0.8,0.4], py € [-0.8,0.4],
Ph € [~0.8,0.4), 7 € [-6,3],
p7r € [-6,3], ps € [-6,3].
And at p} = 04, pj = 0.4, py = 0.4, pj = 0.4, pi = 0.4,
ps = —6, py =3, py = 3, Hy(p') = —112.276. Hence,
the characteristic polynomial is unstable. So the stabil-
ity conditions with our transformation algorithm also less
conservative on this point.

For the parameter intervals p; € [0, 1] and p2 € [0, 1],
the polynomial (42) is stable. In (42), the number of in-
terval parameters are equal to that of our method.. but, if
we apply mapping theorem 2% ¢o the stability analysis
of (42), we must check the convex hull at each positive w

which is spanned by F'(jw, p) with the endpoint values

of P in the complex plane.

Table 6° H3(p1) and co(p1) at p}

p1 | Ha(p1) co(p1)

6 | 16128 49
5 25 5
0 | -2304 -
_6 _ 1
5 5

For the parameter intervals p; € [0, 1] and p2 € [0, 1],
Hj(p') is positive. For (43), we must check the positivity
of Hy(p') at 2% = 256 endpoints. Using our method, we
checked only 22 = 4 endpoints of p for the stability and
we learn that F(s,p) is stable in this example(Table 1).

In case of p; € [0, 1] and p; € [0, 1], we can also check
F(s,p) is stable, applying Sideris’ method to F(s,p) or
H>(p). But, stability conditions become only sufficient
with Sideris’ method. On the other hand, for the param-
eters p1 € [0, 1] and p2 € [0, 1], our stability conditions
are necessary and sufficient. :

5.4 Relation between our monotonicity condi-

tions and the edge theorem

The edge theorem can be applied to the polynomial

F(S’p) = fO(S)+p1f1(8)+-"+pmfm(s) . (44)
where pi € [EhﬁlL 1= 172:"',1’7’1.

This polynomial is affine in p. The edge theorem requires
to check the stability of F(s,p) on the exposed edge of
P. Our stability conditions also can be applied to the
stability analysis of (44). Sometimes, our monotonicity
conditions do not hold on the whole parameter region P.

Let us consider the following example.

F(s,p1) = 5+4p1 + (24+8p1)s+632

+ (24 —8p1)s® + (5 — 4p1)s” (45)
6 6

—2<p << 46

5 Spm s 5 (46)

The original polynomial is given in the reference 3) as an
example where the exposed edge determines its stability
in z-plane. And an interval parameter p; itself becomes
the exposed edge. In this paper, we discuss in s-plane, so
we apply the bilinear transformation z = (1 +s)/(1 — s).
And we have (45) and the following H3(p1) and co(p1).

Hs(p1) = 256(—9 + 8p3), co(p1) =5+ 4p1. (47)

Checking the monotonicity of Hz(p:1) and co(p1),

A1) _ 495y, deoPr) _ 4 (48)
dp1 dp:
we can see that co(p1) is monotone in p; and Hz(p1) is not
monotone in p;. The derivative of H3(p1) has one zero at
p1 = 0 and we divide the interval of p1 at 0. And in this
example, py appears only in the form of p? in (47), so we
can reduce the interval of p1 to p1 € [0,6/5] for checking

the positivity of Hz(p1) (Table 6).
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Table 7 Ha(p) at p*
p1__p2 | Ha(p)

03 0 1.24
03 1 0.24

03 171 0.73

i 0] 075
1 1| -025
1 17| 024

25 0 3

25 1 2

25 1.7 249

Hs(p1) becomes negative at p; = 0. This means that
the polynomial (45) is not stable on the whole parame-
ter region. In the reference 3), Mori and Kokame showed
that the polynomial(45) is not stable on the exposed edge,
but stable at both endpoints of p1. In this example, we
use only the interval division method to Hs(p1). So, the
stability condition is still necessary and sufficient.

It is known that for the polynomial whose coefficients
are multi-linear in interval parameters, the edge theorem
is incompetent for analyzing the §tability 1. In the ref-

erence 17), the following example is given.

F(s,p) = 8+ (p1 + pa+ 1)s> + (p1 + p2 + 3)s
+ 1477+ 6p1 + 6p2 + 2p1p2 (49)
p1 € [0.3,2.5], p2 €[0,1.7)

Calculating the Hurwitz determinant Hz(p), we have

Ha(p) = 2—2p1 +p — 2p2 +p3 — 17, (50)
0H>(p) 0H:(p)
Op2

= =24 2p,
apt + 2p1
In this example, partial derivatives (51) vanish at p; = 1

= -2+ 2ps. (51)

and py = 1, respectively. Then, we divide the intervals of
p1 and pz at 1. Substituting r = 0.5, we have Table 7.
H(p) becomes negative at p1 = p = 1. This means that
(49) is unstable. Since we use only our interval division
method to Hz(p) with respect to p, derived conditions are
still necessary and sufficient. In the reference 17), Acker-
mann et al. showed that the unstable parameter region
is a circle whose center is p;1 = p2 = 1 and radius is r in
defined parameter region P. And They also showed that
F(s,p) is stable at all endpoints of p and on all edges
of the parameter region P. In this example, the center
of unstable region(circle) is the dividing point of interval
parameters in the interval division method.

Now we summarize the comparative merits of our
method and the edge theorem. The edge theorem is useful
only for the affine polynomial with respect to the param-
eters. And it is known that the calculation of the exposed

edge is difficult in general. Ackermann et al. showed

(1) For example, the statement is given in the reference 18),
p-82.

that the edge theorem is not applicable to the polynomial
whose coefficients are multi-linear with respect to interval
parameters. On the other hand, our monotonicity method
can be applied to the affine or multi-linear polynomials.
Even if there exist exposed edges in the parameter region,
our monotonicity method is still effective. Conversely, if
the monotonicity condition do not hold on the whole pa-
rameter region, it may be possible that there exist exposed

edges in the parameter region.
6. Concluding Remarks

Our stability conditions are based on Frazer-Duncan’s
theorem and the monotonicity conditions of multivariable
polynomials. If all the coefficients are monotone in the
sense of multivariable polynomials defined by us, our sta-
bility conditions are necessary and sufficient and can be
checked at the endpoints of parameter region (Theorem
3). Though our monotonicity conditions are complicated
to check and not always satisfied, there are some cases
where the conditions can be checked easily. Two typical
cases are shown. And in order to derive stability con-
ditions for the cases where the monotonicity conditions
do not hold or cannot be verified on the whole parameter
region, we "monotonized” the problem by dividing param-
eter intervals into subintervals (Interval division method)
or introducing a new augmented set of parameters (Trans-
formation algorithm). If the former method is applicable,
our stability conditions remain necessary and sufficient.
In the latter case, the original family of polynomials is
embedded into the new family of polynomials. Thus, if
it is possible to show that all the polynomials belong-
ing to the new family are positive, the original family is
composed of positive polynomials on the whole parameter
region. Therefore, we can apply our stability conditions
using the transformation algorithm. Our transformation
algorithm is the adaptation of Sideris’ method and our
algorithm terminates in finite steps.

Our methods are illustrated by examples and compared
with Siljak’s method and Sideris’ method. All three meth-
ods are only sufficient conditions, if we use the transfor-
mation algorithm in our stability analysis. It is shown
that our conditions are less conservative than other two
methods by checking the stability of a characteristic poly-
nomial with two different combinations of parameter in-
tervals. In addition, the advantage of our method over
the edge theorem is described.

In view of the progress of the information technology,
we can check the stability of the characteristic polynomial

(1) at very large number of mesh points in the parameter
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region. But, if the characteristic polynomial is stable at
all the mesh points, is it possible to regard it as a stable
polynomial 7 This is a question to be solved analytically
and quantitatively, but not yet. On the other hand, if
monotonicity conditions hold or using only interval divi-
sion method to polynomials, our stability conditions are
necessary and sufficient. And our transformation algo-
rithm and Sideris’ method can be used safely in the design
and analysis of control systems with various safety mar-
gins. In this respect, our method has the most narrow
safety margin and can be applied to the polynomial type
coefficients including the multi-linear type. Nevertheless,
the problem of robust stability is not solved completely
up to the present.

We wish to express our gratitude to the reviewers for

valuable comments and criticisms.
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