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Abstract: A resonant frequency and an unloaded quality factor of a cylin-
drical cavity resonator are computed accurately by using the axisymmetric
finite element method. Here the loss of both a dielectric sample and a shield-
ing conductor is taken into account. A term with 1/r among the components
of the finite element matrix is analytically integrated over an triangular ring
quadratic element. Also, the inverse problem, i.e., the estimation of the com-
plex permittivity of a dielectric from a resonant frequency and an unloaded
quality factor, is formulated and its usefulness is confirmed through some
computed results for dielectric plates and deformed lossy sheets.
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1. Introduction

An accurate measurement method for the complex permittivity of a dielec-
tric plate has been proposed using a cylindrical cavity resonator of the TE011

mode, as shown in Fig. 1 [1–3]. A cylindrical cavity resonator in a mi-
crowave band has been analyzed using the Galerkin’s method [4, 5], the mode-
matching method [6], a finite integral method [7], and the finite-difference
time-domain (FDTD) method [8]. However, most of the analysis methods for
a cavity resonator have been developed for the case that a dielectric plate is
completely inserted into the cavity resonator, while few methods have been
reported for the case that a dielectric plate has a larger cross section than
that of the cavity and emerges out of it (In Refs. [9] and [10], a measure-
ment method was proposed that a dielectric plate is inserted from a slit
into a rectangular-parallelepiped cavity resonator, and it was analyzed us-
ing the FDTD method.). Also, some analysis methods take into account
the dielectric and conductor loss, which is perturbedly calculated from the
electromagnetic field in the lossless cavity resonator. However, an accurate
resonant frequency of the lossy cavity resonator is less than that of the loss-
less one [11], and to evaluate the loss, it is necessary to rigorously evaluate
the electromagnetic field in the cavity and integrate the field over the cavity.

Several approaches based on the finite element method (FEM) for the
analysis of a cylindrical cavity resonator have been reported. The modes of
the field having no variation in the azimuthal direction have been analyzed
based on the the scalar FEM [12–15], while those having a periodical varia-
tion in the azimuthal direction have been analyzed based on the the vector
FEM with the penalty function method [16, 17] and with hybrid edge/nodal
elements [18–20]. However, to the best of our knowledge, there is no report
on the investigation of the validity for the application to the inverse problem
in the complex permittivity of a dielectric plate.

In this paper, using the axisymmetric scalar finite element method, we
accurately compute a resonant frequency and an unloaded quality factor of
a cylindrical cavity resonator for the modes of the field having no variation
in the azimuthal direction, such as TE0mn modes, where both a dielectric
plate and a thin region near the surface of a shielding conductor are treated
as a medium with a complex permittivity. In the finite element analysis
for an axisymmetric structure, one should carefully integrate a term with
1/r (r being a radial coordinate in the cylindrical coordinate system) among
the components of the finite element matrix over a triangular ring element
which has nodes on the z axis (r = 0). Various methods to integrate the
term have been proposed involving the methods of eliminating 1/r through
the transformation of the electromagnetic field [12, 15], using the numerical
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integration formula derived by Hammer et al. [14, 19], and using an axial
element [16]. Here a rigorous method is proposed in which a term with 1/r
is analytically integrated over a triangular ring quadratic element which has
nodes on the z axis. Our approach is applied to the measurement method
proposed in Ref. [3], where a dielectric plate has a larger cross section than
that of the cavity. Using our approach, we can easily take into account
the part of a dielectric plate and a shielding conductor emerging out of the
cavity even if they are lossy. Also, we formulate an inverse problem, i.e.,
the estimation of the relative permittivity and tan δ of a dielectric plate
from a resonant frequency and an unloaded quality factor. The formulation
is based on the Newton method for a system of nonlinear equations with
two unknowns by regarding the resonant frequency and the unloaded quality
factor as a function of the relative permittivity and tan δ. The solutions of
the equations converged within the accuracy of the measurement in several
iterations of the Newton method, and we find that it is possible to estimate
the relative permittivity and tan δ.

Our approach is applicable to a dielectric sample with a complicated
shape, while the conventional perturbation method [22], cavity resonator
method [23], and the Galerkin method with the eigenmode expansion [1–3]
are not. The FDTD method is also applicable to a dielectric sample with
a complicated shape, but a particular procedure in the FDTD method is
required when the sample can not be divided into rectangles or rectangular
parallelepipeds. To show the usefulness of our approach, we consider the case
that there is a deformed lossy sheet in the cavity resonator, as treated in Ref.
[24], and illustrate that it is possible to estimate the relative permittivity and
tan δ with good accuracy for a dielectric sample with a complicated shape
and large loss. The error in the permittivity measurement method and the
perturbation method was investigated in detail by use of the FDTD method
[10, 24, 25], and we also investigate the error of an estimated complex per-
mittivity due to the deformation of a dielectric sample by solving the inverse
problem for an undeformed dielectric sample when a resonant frequency and
an unloaded quality factor for a deformed dielectric sample are given.
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2. Axisymmetric Scalar Finite Element Method

When region V is enclosed by an electric wall and/or a magnetic wall, a
functional for the vector wave equation is given as follows:

F (Φ) =
∫
V
(∇×Φ) · (p∇×Φ)dV − k 2

0

∫
V
qΦ ·ΦdV (1)

where p = 1 and q = εr when Φ represents an electric field, and p = 1/εr
and q = 1 when Φ represents a magnetic field. Here εr denotes the relative
permittivity of a medium, and k0 stands for the wavenumber in vacuum.

We consider an axisymmetric cylindrical cavity resonator, as shown in
Fig. 1, where H and R denote the height and radius of the cavity, respec-
tively. Although a dielectric plate in an actual measurement has a much
larger cross section than that of the cavity, in our approach we replace the
dielectric plate with a thin cylinder of thickness t and radius a, and impose
the boundary condition of an electric or magnetic wall on the side of the
cylinder. Setting the cylindrical coordinate system (r, θ, z) to the axisym-
metric structure, Eq. (1) is reduced for the modes of the field having no
variation in the azimuthal direction (∂/∂θ ≡ 0) as follows:

F (ϕ) =
∫
V
p

(∂ϕ
∂z

)2

+

(
∂ϕ

∂r
+

ϕ

r

)2
 dV − k 2

0

∫
V
qϕ2dV (2)

where ϕ = Eθ and Hθ for the TE0mn and TM0mn modes, respectively, and
ϕ = 0 on the z axis (r = 0) for both the modes.

Dividing and discretizing region V by a number of triangular ring quadratic
elements shown in Fig. 2, and applying the variational principle to Eq. (1),
we obtain the following final matrix equation:

[A]{ϕ} − k 2
0 [B]{ϕ} = 0 (3)

with

[A] =
∑
e

pe

∫∫
e

(
r
∂{N}
∂z

∂{N}T

∂z
+ r

∂{N}
∂r

∂{N}T

∂r
+

1

r
{N}{N}T

+{N}∂{N}
∂r

T

+
∂{N}
∂r

{N}T
)
drdz (4)

[B] =
∑
e

qe

∫∫
e
r{N}{N}Tdrdz (5)

where
∫∫
e drdz denotes the integral over a triangular element, and the sub-

script e stands for the quantity on the element. The components of vector
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{ϕ} are the values of ϕ at all the nodes except on boundaries of ϕ = 0, and
{N} represents the shape function vector.

Since the third term of the integrand in matrix [A] involves 1/r, one
should carefully integrate the term over a triangular element which has nodes
on the z axis (r = 0). The integral of the term is calculated from the following
expression:

Iklm =
∫ 1

0

∫ 1−L1

0

1

r
Lk
1L

l
2L

m
3 dL2dL1 (6)

where L1, L2, and L3 (L3 = 1 − L1 − L2) are the area coordinates for a
triangular element. For the simplicity of the calculation of Iklm, we assume
all the triangular elements have a side parallel to the z axis, i.e., r2 = r3. This
assumption never gives any limitation on the structure to which our approach
is applicable. Integrating Eq. (6) with respect to L2 on this assumption, we
obtain the following expression:

Iklm =
l!m!

n!

∫ 1

0

Lk
1(1− L1)

n

(r1 − r2)L1 + r2
dL1 (7)

where n = l +m+ 1. If r1 = 0 and r2 ̸= 0, then

Iklm =
1

r2

k!l!m!

n(k + n)!
(8)

and if r1 ̸= 0 and r2 = 0, then

Iklm =
1

r1

l!m!

n!

[
lim
L1→0

(− lnL1) +
n∑

i=1

n!

i!(n− i)!

(−1)i

i

]
(9)

for k = 0 and

Iklm =
1

r1

(k − 1)!l!m!

(k + n)!
(10)

for k ≥ 1. We can also integrate Eq. (7) analytically for r1 ̸= 0 and r2 ̸= 0,
but since the resulting expression has many terms and must be computed
with special attention to the cancellation of significant digits, we integrate
Eq. (7) numerically with good accuracy by using Romberg integration.

We find from Eq. (9) that some of the components of the finite element
matrix for a triangular element which has nodes on the z axis do not have
a finite value when k = 0, i.e., the corresponding shape function does not
involve L1. Fortunately these components are not necessary, because they
are multiplied by the values of ϕ at the nodes on the z axis (nodes 2, 3, and
5 of Fig. 2) where the boundary condition of ϕ = 0 is imposed. Therefore we
find that any Iklm’s required in the numerical calculation have a finite value
even for a triangular element which has nodes on the z axis.
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3. Numerical Results for the Direct Problem

For the cavity resonator shown in Fig. 1, a region of r ≥ 0 and z ≥ 0
is analyzed because of the symmetry with respect to the plane of z = 0.
Here the dimension of the cavity is R = 17.6015mm and H = 25.091mm
[3]. In Ref. [3], the relative permittivity and tan δ of a dielectric plate in
the cavity resonator are accurately estimated from a resonant frequency and
an unloaded quality factor of the TE011 mode using the analysis method
in which the part of a dielectric plate and a shielding conductor emerging
out of the cavity is taken into account. Since in our approach it is easy to
take into account the part emerging out of the cavity, we compute a resonant
frequency and an unloaded quality factor of the TE011 mode from the relative
permittivity and tan δ estimated in Ref. [3], and we check the validity of our
approach by comparing our results with the measured values of Ref. [3].

Fig. 3 shows the change of the resonant frequency as the radius a of a
dielectric plate with thickness t = 1.191mm and relative permittivity εr =
21.252 increases, where the dielectric plate and the shielding conductor are
lossless. The resonant frequency becomes a smaller value when the side of the
dielectric plate is a magnetic wall, while it becomes a larger value when the
side is an electric wall, and they converge at the same value with the increase
of the radius of the dielectric plate. In the following numerical calculation
with respect to this dielectric plate, we assume that the radius is a = 1.1R
and the side is a magnetic wall.

Next we take the loss of a dielectric and a conductor into account. In this
case a resonant frequency is obtained as a complex number, and an unloaded
quality factor is evaluated by use of the following expression [11]:

ḟ = f


√√√√1−

(
1

2Q

)2

+ j
1

2Q

 (11)

If the quality factor has a very large value, the expression is reduced as follows
[11]:

ḟ ≃ f

(
1 + j

1

2Q

)
(12)

We assume the shielding conductor of the cavity to be copper. To take the
loss of the conductor into account, we add a thin region of depth d from the
surface of the conductor to the region to be analyzed, where the thin regin
is regarded as a medium of the following complex permittivity:

ε̇ = ε0 − j
σ

2πf
(13)
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Here ε0 is the permittivity in vacuum, and f is the resonant frequency com-
puted for the lossless case. Also the conductivity σ is given as follows:

σ = σrσ0 (14)

where σr = 0.909 and σ0 = 58 × 106 S/m [3]. Fig. 4 shows the change
of the resonant frequency and the quality factor versus depth d, where the
parameters of the dielectric plate are t = 1.191mm, εr = 21.252, and tan δ =
1.06× 10−4. The change of the resonant frequency with respect to d is very
little. The quality factor decreases with d, but has almost a constant value
for d ≥ 10µm, and we set d = 10µm in the following numerical calculation,
because we can judge that the value is appropriate since the skin depth of
copper is about 1µm at 10 GHz.

Table 1 shows the measured values [3] and the numerical results in which
the loss of a dielectric and/or a conductor is taken into account. We find that,
when the loss of both a dielectric and a conductor is taken into account, the
numerical results are close to the measured values. Also, Table 2 shows the
resonant frequency and the quality factor computed from the thickness, the
relative permittivity, and tan δ of various dielectric plates obtained from the
measurement. We find from Table 2 that the numerical results are close to
the measured values, and our approach can simulate the measurement very
well. Here, in advance of the numerical calculation in Table 2, we investigate
the change of the numerical results with respect to the radius of all the
dielectric plates in Table 2, and confirm that the numerical results converge
at a = 1.1R. The side of the dielectric plates was treated as a magnetic wall.

In the element division in Tables 1 and 2, by dividing 0 ≤ r ≤ R−0.1mm
into 17 equal sections, R− 0.1mm ≤ r ≤ R into 10, R ≤ r ≤ R+ d into 20,
and R + d ≤ r ≤ a into 10 in the r direction, and 0 ≤ z ≤ t/2 into 16 equal
sections, t/2 ≤ z ≤ t/2+ d into 20, t/2+ d ≤ z ≤ t/2+H/2− 12mm into 4,
t/2+H/2−12mm ≤ z ≤ t/2+H/2 into 8, and t/2+H/2 ≤ z ≤ t/2+H/2+d
into 20 in the z direction, we divided the analyzed region into a number of
rectangles, and then subdivided a rectangle into two triangular elements.
The number of triangular elements was 7112 due to the lack of the elements
in the region of R + d ≤ r and t/2 + d ≤ z.
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4. Formulation for the Inverse Problem

We formulate the computation of the relative permittivity εr and tan δ from
the measured values of the resonant frequency f0 and the unloaded quality
factor Q0 for the TE011 mode. We regard the resonant frequency and the
unloaded quality factor as a function of εr and tan δ, and express them as
f(x1, x2) and Q(x1, x2), respectively, where εr and tan δ are replaced with x1

and x2 for the simplicity of the notation. Therefore the inverse problem is
to solve the following system of two equations:

f(x1, x2)− f0 = 0 (15)

g(x1, x2)− g0 = 0 (16)

where g = 1/Q and g0 = 1/Q0, because the imaginary value of the complex
frequency is proportional to the inverse value of the quality factor, as ex-
pressed in Eq. (11). In our approach, the system of the nonlinear equations
with two unknowns is solved based on the Newton method [21]. In the New-

ton method, the series of the estimated values starting with the first one x
(1)
1

and x
(2)
2 is given as follows:[
x
(ν+1)
1

x
(ν+1)
2

]
=

[
x
(ν)
1

x
(ν)
2

]
−
[
J
(ν)
11 J

(ν)
12

J
(ν)
21 J

(ν)
22

]−1 [
f(x

(ν)
1 , x

(ν)
2 )− f0

g(x
(ν)
1 , x

(ν)
2 )− g0

]
(17)

This calculation is iterated until the values of f and g corresponds to f0 and
g0, respectively, within the accuracy of the measurement. Here J1j = ∂f/∂xj

and J2j = ∂g/∂xj, but, since these partial differentiations can not be eval-
uated analytically, we evaluate them through the numerical differentiation
defined as the following expressions:

J
(ν)
11 ≃ f(x

(ν)
1 +∆x1, x

(ν)
2 )− f(x

(ν)
1 , x

(ν)
2 )

∆x1

(18)

J
(ν)
12 ≃ f(x

(ν)
1 , x

(ν)
2 +∆x2)− f(x

(ν)
1 , x

(ν)
2 )

∆x2

(19)

J
(ν)
21 ≃ g(x

(ν)
1 +∆x1, x

(ν)
2 )− g(x

(ν)
1 , x

(ν)
2 )

∆x1

(20)

J
(ν)
22 ≃ g(x

(ν)
1 , x

(ν)
2 +∆x2)− g(x

(ν)
1 , x

(ν)
2 )

∆x2

(21)

where ∆x1 and ∆x2 are constants of small values. Accordingly, after using
the FEM at the νth estimated values three times and calculating the values
of f(x

(ν)
1 , x

(ν)
2 ) and g(x

(ν)
1 , x

(ν)
2 ), f(x

(ν)
1 + ∆x1, x

(ν)
2 ) and g(x

(ν)
1 + ∆x1, x

(ν)
2 ),

f(x
(ν)
1 , x

(ν)
2 +∆x2) and g(x

(ν)
1 , x

(ν)
2 +∆x2), we can obtain the ν+1th estimated

values from Eq. (17).
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5. Numerical Results for the Inverse Prob-

lem

Table 3 shows the estimated values for εr and tan δ of a dielectric plate
with thickness t = 1.191mm at f0 = 6.0365GHz and Q0 = 8010, where the
initial estimated values are set as εr = 1 and tan δ = 0, and the constants
of small values in the numerical differentiation are ∆x1 = 10−2 for εr and
∆x2 = 10−6 for tan δ. Since the initial estimate values were not appropriate,
an unacceptable event such that the estimated value for tan δ had an negative
number happened, but the sixth estimated values for f and Q were the same
as the measured ones. When the initial estimated values were set as εr = 20
and tan δ = 10−4, the same estimated values described above were obtained
at three iterations. Table 4 shows the similarily estimated values for εr and
tan δ from the measured values of the thickness t of a dielectric plate, the
resonant frequency f0, and the unloaded quality factor Q0, where the number
of iterations was four or five.

The values of Ref. [3] in Tables 3 and 4 are accurately estimated using
the analysis method in which the part of a dielectric plate and a shielding
conductor emerging out of the cavity is taken into account. Since in our
approach the effect of the part is also taken into account, we judge that our
estimated values are as accurate as those in Ref. [3]. In order to investi-
gate the effect, Table 5 shows the values estimated with the conventional
perturbation and cavity resonator methods, in which the part of a dielectric
plate and a shielding conductor emerging out of the cavity is ignored. In the
perturbation method the relative permittivity and tan δ are estimated from
the electromagnetic field for the case that the region of a dielectric plate is
filled in air, and the accuracy is dramatically decreased for a dielectric plate
with large relative permittivity and/or thickness, because the electromag-
netic field in the dielectric plate is much different from that for the case that
the region of it is filled in air. On the other hand, the values estimated with
the cavity resonator method have the largest error for the dielectric plate
of Table 3, and the relative errors in the relative permittivity and tan δ are
0.3% and 3.8%, respectively. It means that in Tables 3 to 5 the effect of the
part emerging out of the cavity is small.

To show the usefulness of our approach which is applicable to a dielec-
tric sample with a complicated shape, we consider the case that there is a
deformed lossy sheet in the cavity resonator, as treated in Ref. [24]. Here
we treat a lossy sheet having no deformation and the deformation with 1 or
2 steps, as shown in Fig. 5. The thickness and the complex relative per-
mittivity of the sheet are set as t = 1mm and ε̇r = 3(1 − j1), respectively,
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and the dimension in the deformation is ∆t = ∆R = 0.1mm, R1 = 8mm,
and ∆R1 = 1mm. For the simplicity in the numerical calculation, the sheet
has the symmetric deformation with respect to the plane of z = 0. Notice
that because the sheet having the deformation with 2 steps contains a part
which can not be divided into rectangles, a particular procedure is required
in analyzing the sheet by the FDTD method.

Table 6 shows the resonant frequency f and the unloaded quality factor
Q obtained by solving the direct problem. Here, since the quality factor has
a small value due to large loss of the sample, f and Q were calculated from
Eq. (11). We confirmed through the numerical investigation that a = 1.1R
is also large enough for the sheets. The element division in this computation
are almost the same as that in the computation for Tables 1 and 2 except a
little adjustment to fit on the shape of the sheets.

We tried to solve the inverse problem using Eq. (17), in which the com-
puted values of f and Q in Table 6 were assumed as the measured ones f0
and Q0, and the initial estimated values were set as εr = 1 and tan δ = 0,
but unfortunately the convergent solution was not obtained. We guess that it
was caused by the fact that a convergent solution can not be always obtained
in the Newton method when the initial estimated values are not appropri-
ate. Then, to improve the convergence in the Newton method, unless the
inequality

|ḟ (ν+1) − ḟ0| < (3/4)|ḟ (ν) − ḟ0| (22)

was satisfied, where ḟ0, ḟ
(ν), and ḟ (ν+1) denote the complex frequency for

the measured, νth, and ν + 1th estimated values, we obtained the conver-
gent solution using the deceleration method [21], in which the series of the
estimated values is computed from the following equation as the substitute
of Eq. (17):

[
x
(ν+1)
1

x
(ν+1)
2

]
=

[
x
(ν)
1

x
(ν)
2

]
− 1

2

[
J
(ν)
11 J

(ν)
12

J
(ν)
21 J

(ν)
22

]−1

·
[
f(x

(ν)
1 , x

(ν)
2 )− f0

g(x
(ν)
1 , x

(ν)
2 )− g0

]
(23)

Table 7 shows the computed results for the undeformed lossy sheet, where
the constants of small values in the numerical differentiation were set as
∆x1 = ∆x2 = 10−2. In this computation, the deceleration method was
required only in the determination of the second estimated values. We
also computed for the sheets having the deformation with 1 or 2 steps,
and obtained the convergent solutions at six iterations, whose values were
εr = 3.0000, tan δ = 1.000 and εr = 3.0001, tan δ = 1.000 for the sheet
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having the deformation with 1 or 2 steps, respectively. In these computa-
tions, the deceleration method was required only in the determination of the
second estimated values. We confirmed from the above computations that,
using our approach, it is possible to estimate with good accuracy the relative
permittivity and tan δ even for a sample with a complicated shape and large
loss.

For the lossy sheet having no deformation, ignoring the part of the sheet
emerging out of the cavity, we obtained εr = 3.0469, tan δ = 1.09 and
εr = 3.0436, tan δ = 1.02 by using the conventional perturbation method
and cavity resonator method, respectively. In comparison with the results
shown in Table 5, we notice that the accuracy decreased especially in the cav-
ity resonator method. Using our approach, we also computed the estimated
values with ignoring the part of the sheet emerging out of the cavity, and
obtained εr = 3.0157 and tan δ = 0.997. We guess from the above computa-
tions that the decrease of the accuracy in the conventional cavity resonator
method was not caused by ignoring the part of the sheet emerging out of the
cavity, but due to large loss of the sheet. Thus, as described in Appendix,
we used the cavity resonator method modified on the assumption that the
unloaded quality factor in the loss of a shielding conductor is much greater
than that of a dielectric plate, and obtained εr = 3.0161 and tan δ = 0.996.
The error in these estimated values corresponds to that caused by ignoring
the part of the sheet emerging out of the cavity, and the relative error is 0.5%
and 0.4% for the relative permittivity and tan δ, respectively.

Finally, to investigate the error of the estimated values due to the defor-
mation of a sample, we solved the inverse problem for an undeformed sample,
where the computed values of f and Q for the deformed sheets in Table 6
were assumed as the measured values f0 and Q0, and obtained εr = 3.4005
and tan δ = 1.05 for f0 and Q0 of a sample having the deformation with 1
step, and εr = 3.5367 and tan δ = 1.06 for those with 2 steps. Therefore
we find that the deformation of a sample in the cavity resonator causes the
relative error of more than 10% in the relative permittivity and about 5% in
tan δ.

Because we take into account the loss of a dielectric and a conductor, the
matrix equation (3) becomes a generalized eigenvalue problem with a sparse,
non-Hermite complex matrices [A] and [B]. Therefore, in our computation,
we applied the subspace method [27] to solve the equation with sparse matri-
ces. For example, in the computation of Table 3, the number of the elements
is 7112, the number of the nodes except on boundaries of ϕ = 0 is 14160, and
the number of the non-zero components of matrices [A] and [B] are about
160000. Then, the memory required in the computation was about 10 MB
in the calculation with double precision, and the CPU time was about 66
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minutes on a PC with Intel Mobile Celeron 366 MHz, while it was about 15
minutes for the initial estimated values of εr = 20 and tan δ = 10−4.
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6. Conclusions

Using the axisymmetric scalar finite element method, we accurately com-
puted a resonant frequency and an unloaded quality factor of a cylindrical
cavity resonator for the modes of the field having no variation in the az-
imuthal direction, where both a dielectric plate and a thin region near the
surface of a shielding conductor are treated as a medium with a complex
permittivity. In the finite element analysis for an axisymmetric structure,
one should carefully integrate a term with 1/r among the components of a
finite element matrix, and we proposed a rigorous method in which the term
is analytically integrated. Also, we formulated on the basis of the Newton
method an inverse problem, i.e., the estimation of the relative permittivity
and tan δ of a dielectric plate from a resonant frequency and an unloaded
quality factor, and showed through the numerical calculation that it is pos-
sible to estimate them in several iterations of the Newton method on a PC.
Since our approach is applicable to a dielectric sample with a complicated
shape, we treated the case that a lossy sheet is deformed in the cavity res-
onator, showed that it is possible to estimate with good accuracy the relative
permittivity and tan δ even for a sample with a complicated shape and large
loss, and thus confirmed the usefulness of our approach.
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Appendix

Cavity resonator method for a dielectric plate with large loss
The method is described as follows, where a nonlinear equation with re-

spect to κ̇ is solved by use of the Newton method:
(1) The symbols f0 and Q0 represent the measured resonant frequency and
unloaded quality factor.
(2) When the symbols Qc and Qd represent the quality factors in the loss of
a conductor and a dielectric, respectively, we obtain the relation of 1/Q0 =
1/Qc + 1/Qd, and Q0 ≃ Qd if the dielectric has large loss and Qc ≫ Qd.
(3) We find the complex resonant frequency ḟ from Eq. (11).
(4) We find the z-direction wavenumber in the air region in the cavity res-

onator as a complex number of κ̇0 =
√
k̇2
0 − k2

r , where k̇0 = 2πḟ/c (c being
the velocity of light in vacuum) and kr = j11/R (j11 being the first root for
the first-order Bessel function).
(5) When a complex number κ̇ represents the z-direction wavenumber in
the dielectric region in the cavity resonator, we solve a nonlinear equation
κ̇ tan(κ̇t/2) = κ̇0 cot(κ̇0H/2) with respect to κ̇.
(6) We obtain the complex relative permittivity ε̇r of the dielectric plate from

the relation of κ̇ =
√
k̇2
0 ε̇r − k2

r .
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Table 1: Resonant frequency and quality factor for loss of dielectric plate
and conductor.

lossy material f [GHz] Q
— (no loss) 6.0371 —

calculated dielectric 6.0371 11230
dielectric and conductor 6.0369 7950

measured[3] dielectric and conductor 6.0365 8010

Table 2: Comparison of resonant frequency and quality factor of present
analysis with those of experiment.

dielectric plate item calculated measured[3]
t = 0.264mm f [GHz] 11.6106 11.6108
εr = 3.708 Q 21180 21250

tan δ = 1.02× 10−4

t = 0.258mm f [GHz] 10.8587 10.8587
εr = 9.924 Q 4140 4150

tan δ = 9.36× 10−4

t = 0.890mm f [GHz] 6.7287 6.7283
εr = 21.195 Q 7900 7930

tan δ = 1.17× 10−4

t = 0.349mm f [GHz] 7.5670 7.5681
εr = 37.178 Q 6830 6820

tan δ = 1.64× 10−4
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Table 3: Convergence for inverse problem.

number of estimated calculated
iterations εr tan δ f [GHz] Q

1 1 0 11.8408 34060
2 11.802 10.55× 10−4 7.6047 1260
3 18.562 −0.83× 10−4 6.3853 −31190
4 21.043 1.10× 10−4 6.0620 7740
5 21.254 1.05× 10−4 6.0366 8010
6 21.256 1.05× 10−4 6.0365 8010

Ref.[3] estimated measured
21.252 1.06× 10−4 6.0365 8010

Table 4: Estimation of relative permittivity and tan δ of dielectric plate.

measured[3] estimated
item our method Ref.[3]

t = 0.264mm εr 3.706 3.708
f0 = 11.6108GHz tan δ 1.00 1.02

Q0 = 21250 (×10−4)
t = 0.258mm εr 9.924 9.924

f0 = 10.8587GHz tan δ 9.35 9.36
Q0 = 4150 (×10−4)

t = 0.890mm εr 21.198 21.195
f0 = 6.7283GHz tan δ 1.16 1.17

Q0 = 7930 (×10−4)
t = 0.349mm εr 37.162 37.178

f0 = 7.5681GHz tan δ 1.65 1.64
Q0 = 6820 (×10−4)
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Table 5: Estimation of relative permittivity and tan δ of dielectric plate by
conventional perturbation and cavity resonator methods.

estimated
pertur- cavity

measured[3] item bation resonator
method method

t = 1.191mm εr 11.826 21.322
f0 = 6.0365GHz tan δ 0.80 1.10

Q0 = 8010 (×10−4)
t = 0.264mm εr 3.737 3.711

f0 = 11.6108GHz tan δ 0.98 1.05
Q0 = 21250 (×10−4)
t = 0.258mm εr 9.989 9.929

f0 = 10.8587GHz tan δ 9.91 9.36
Q0 = 4150 (×10−4)

t = 0.890mm εr 13.661 21.238
f0 = 6.7283GHz tan δ 0.93 1.20

Q0 = 7930 (×10−4)
t = 0.349mm εr 27.697 37.175

f0 = 7.5681GHz tan δ 1.41 1.66
Q0 = 6820 (×10−4)

Table 6: Computed results of resonant frequency and quality factor for lossy
sheet.

shape of sheet f [GHz] Q
straightness 10.9386 3.94

deformation with 1 step 10.7215 3.30
deformation with 2 steps 10.6445 3.13
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Table 7: Convergence for inverse problem in straight lossy sheet.

number of estimated calculated
iterations εr tan δ f [GHz] Q

1 1 0 11.8634 25596.23
2 2.0165 1.65 11.4560 3.50
3 2.9293 0.73 10.9819 5.64
4 3.0131 1.01 10.9313 3.88
5 3.0001 1.00 10.9386 3.94
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