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1. Introduction

The main process of fatigue failure of metallic materials consists of fatigue crack 

initiation and crack propagation, both of which are closely related to local shear slip 

(local plastic deformation) due to local stress concentration (Suresh, 1998; Polak, 1991).  

In order to understand the essential mechanism of fatigue, therefore, the heterogeneity 

of plastic deformation at the micro-scale and the evolution of microstructure during 

cyclic loading must be clarified quantitatively.  Although it is difficult to 

experimentally observe the evolution of microstructure, recent computational 

investigations show that the crystal plasticity finite element method could be used for 

quantitative evaluation of heterogeneous accumulation of crystallographic slips 

(Mayama et al., 2008; Xie et al., 2004; Manonukul and Dunne, 2004; Dunne et al., 

2007; Sinha and Ghosh, 2006; Cheong, 2008; Mayeur et al., 2008; Shenoy et al., 2008; 

Morrissey et al., 2001; Goh et al., 2001; Bennett and McDowell, 2003; Turkmen et al., 

2002; Goh et al., 2003, 2006; Shenoy et al., 2007) while the phenomenological 

approaches have also been extensively investigated the macro-scopic aspects of the 

cyclic plasticity (Mayama et al., 2007; Chaboche, 2008; Rahman et al., 2008; 

Moosbrugger et al., 2008; Hassan et al., 2008, Zhang and Jiang, 2008).  Recently, 

McDowell (2007) outlined computational approaches to microstructure-sensitive fatigue 
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analysis and presented several directions for future research in computational fatigue 

modeling.

Fatigue cracks can nucleate inside the materials due to local stress concentration 

caused by grain boundaries, twin boundaries, and inclusions as well as at the surface of 

a material due to PSB formation during cyclic loading (Suresh, 1998; Polak, 1991 

Kimura et al., 2004; Li et al., 2004; Yang et al., 2007).  Recent developments in 

microscopic measurement methods for surface roughness and crystallographic texture 

provide considerable insight into fatigue crack initiation.  Kimura et al. (2004) 

discussed the effect of microstructure and crystallographic orientation on fatigue crack 

initiation in ultrafine-grained steel using AFM and EBSP.  Li et al. (2004) and Yang et 

al. (2007) observed the dislocation structure in copper bicrystals by using an electron 

channelling contrast technique in the SEM.  However, the difficulty of experimental 

measurement and direct observation of the process inside the material has led to a lack 

of understanding of the micro-scale mechanism of fatigue crack initiation in the material.  

In this study, therefore, heterogeneous deformation near the grain boundary of FCC 

bicrystal is estimated quantitatively by means of crystal plasticity finite element analysis. 

Also, the evolution of the geometrically necessary dislocation (GND) structure during 

cyclic loading is numerically predicted.  The mechanism of the 
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strain-amplitude-dependent evolution of the GND structure is discussed in terms of the 

activation of slip systems.  The present calculation results also show 

strain-amplitude-dependent additional cyclic hardening.  These numerical results are 

compared with the experimental results for copper bicrystals subjected to cyclic loading 

conducted by Hu et al. (1996a, b) and Hu and Wang (1998). The effects of elastic 

anisotropy, the lattice friction stress and the interactions of dislocations between 

different slip systems on the evolution of the GND structure are also discussed.

2. Procedure for crystal plasticity analysis

2.1 Constitutive equations

In this study, a 3-dimensional crystal plasticity finite element analysis code 

developed by Ohashi (1987, 1990a, 1997, 2004, 2005) was employed.  Ohashi et al. 

(2007) showed that this model can be modified for scale-dependent yield stress in 

polycrystalline metals using results of discrete dislocation dynamics analysis.  

Recently, this model successfully predicted the experimental results of GND 

accumulation near the grain boundary of nickel bicrystal (Ohashi et al. 2008).  The 

constitutive equations implemented in the software code are shown below.

The critical resolved shear stress  n on slip system n is given by the Schmid 
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law as

   n n
ij ijP  , (1)

where ij denotes the stress tensor.   n
ijP is the Schmid tensor of slip system n

defined by

          1

2
n n n n n

ij i j j iP v b v b  , (2)

where  n
iv and  n

ib are the slip plane normal and the slip direction, respectively.  

The increment of the critical resolved shear stress is written as follows:

     n nm m

m

h   . (3)

Here,  nmh and  m denote the strain hardening coefficient and the increment of the 

plastic shear strain on slip system m .

Assuming that the deformation is small and rotation of the crystal orientation is 

ignored, the constitutive equation for slip deformation is given by

      1
nm n me

ij ijkl ij kl kl
n m

S h P P 
    

  , (4)

where e
ijklS denotes the elastic compliance, and the summation is made over the active 

slip systems.  We solve the deformation with a rate-independent plasticity formulation.

The following Bailey-Hirsch type model of the critical resolved shear stress is used,

     
0

n nm m
S

m

a b       , (5)

where 0 , a ,  , b and  m
S denote the lattice friction term, a numerical factor on 
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the order of 0.1, the elastic shear modulus, the magnitude of the Burgers vector and the 

statistically stored dislocation (SSD) density that accumulates on slip system m , 

respectively.  By substituting the derivation of Eq.(5) into Eq.(3), the strain hardening 

coefficient  nmh in Eq.(3) is specified.  In this study, the initial SSD density  m
S is 

set to be 9 210 m   for all slip systems.  The interaction of slip systems n and m

is controlled by the interaction matrix  nm in Eq.(5) (Ohashi, 1987, 1990a, 2004, 

2005; Ohashi et al., 2007). In all the calculation except for Section 4.5   1nn  for 

the diagonal components and   1.01nm  for the off-diagonal components are used to 

represent a nearly isotropic hardening characteristic for every slip system.  The effect 

of the anisotropic hardening, when the off-diagonal components are changed, is 

discussed in Section 4.5.  The increment in the SSD density on slip system n is given 

as follows:

 
 

 

n
n

S n

c

bL

 





, (6)

where c is a numerical coefficient on the order of 1 and  nL is the mean free path of 

dislocations on slip system n defined as

 

      
*

n

nm m m
S G

m

c
L

  



, (7)
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where *c and  nm are a material constant of the order of 10-100 

(Kuhlmann-Wilsdorf, 1989) and the weight matrix, respectively.  In this study, when 

n m or slip systems n and m are co-planar the components of the weight matrix 

 nm are assumed to be 0.  Otherwise components of  nm are assumed to be 1.  In 

Section 4.5, the effect of the weight matrix on the evolution of GND density norm 

distribution is evaluated.   m
G denotes the norm of geometrically necessary 

dislocation (GND) density on slip system m defined as

       2 2

, ,
m m m

G G edge G screw    , (8)

where the edge and screw components are defined by the strain gradient (Ohashi, 1997, 

2004, 2005):

 
 

,

1 m
m

G edge
b





 


,  

 

,

1 m
m

G screw
b








. (9)

Here,  and  denote directions parallel and perpendicular to the slip plane, 

respectively.

The material parameters in the constitutive equations and elastic compliance used 

in this study are shown in Table 1.  The typical material parameters were chosen from 

previous studies (Ohashi, 2004, 2005; Ohashi et al. 2007).  The elastic compliance is 

used to obtain elastic isotropy, so grain boundary constraint due to elastic 

incompatibility (Hook and Hirth, 1967) does not appear. In Sections 4.3, 4.4 and 4.5, 
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the effects of material parameters of elastic anisotropy, lattice friction stress in Eq.(5) 

and the components of interaction matrix in Eq.(5) and weight matrix in Eq.(7) on the 

evolution of GND density norm distribution are discussed.

2.2 Finite element analysis model

The geometry of the present analysis model is shown in Fig.1.  The size of the 

model is 20 20 2 m  .  The model is uniformly divided into 20 20 4  elements 

using a brick-shaped element with eight nodes.  The effect of the mesh resolution is 

discussed later.  All the nodes on the bottom surface are fixed in the Y-direction.  The 

tensile or compressive loading for cyclic loading is given by the displacement in the 

Y-direction of all the nodes on the top surface.  The boundary conditions on lateral 

surfaces of this model are traction free.  Consequently, this model predicts the 

accumulation of GNDs induced by the interaction between the bicrystal and the 

un-modeled rigid crystals placed over and beneath this bicrystal because the top and 

bottom surfaces of this model are constrained to be flat by the rigid ones.  In real 

polycrystals, the third and fourth crystals will have finite rigidities and thus deform 

accordingly however, the displacement field in the bicrystal part will be similar to that 

obtained with rigid crystals.
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The stress field induced by this constraint is analogous to that for the case when 

wedge type disclinations are introduced at the upper and bottom ends of the grain 

boundary (Kondou and Ohashi 2004; Kondou et al., 2008).  Thus, the deformation of 

the present model of bicrystal is essentially similar to that in a model with the third and 

fourth grains above and beneath the bicrystal except for the effect of the additional 

deformations in the third grain.  The increase in the number of grains leads to complex 

phenomena during cyclic loading, which makes difficult to understand the dominant 

mechanism.  For that reason, the present model is used to simulate the multi-body 

interaction near grain boundary triple junctions in polycrystals although the crystals 

over and beneath the bicrystal do not deform at all.  In this case, the choice of crystal 

orientations of each crystal of the bicrystal affects the results of the GND accumulation 

significantly.  The selection of the crystal orientations in this study is discussed as 

follows.

In this study, the Schmid-Boas notation for the twelve slip systems in FCC metal 

is defined as shown in Table 2.  The relationship between the crystal coordinate and 

sample coordinate is given as follows:

 
 
 

100 sin cos cos

010 cos sin cos sin cos sin sin

001 sin sin cos cos cos sin cos
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sin sin

cos cos cos sin sin

sin cos cos cos sin

x

y

z

 
    
    

 
   
    

(10)

where  ,  and  show Euler angles as seen in Fig.2.  Selected crystal orientation 

is    , , 77.0 , 24.705 , 77.636       for Grain 1 and 

   , , 77.0 , 24.705 , 257.636       for Grain 2 (Kondou and Ohashi, 2007).  The 

Schmid factors of these grains for loading at the y-axis as shown in Table 2 are identical 

because the orientation of Grain 2 is obtained by rotating the orientation of Grain 1 

180 about the y-axis.  The slip directions and the slip plane normal of the primary 

slip system B4   11 1 101 of both grains lie parallel to the x y plane.  Therefore, 

the angle  in Fig.1 between the slip plane and y-axis direction for both grains 

becomes the same value, 44.856 .  The reason for this selection of angle is 

schematically shown in Fig.3.  When the angle  is 45 , the components of the slip 

plane normal vector and the slip direction vector on the primary slip system are 

   1 2,1 2,0primary v and    1 2,1 2,0primary  b , respectively.  Therefore, 

the Schmid tensor, given by Eq.(2), of the primary slip system becomes

 
1 2 0 0

0 1 2 0

0 0 0

primary

 
   
 
 

P . (11)
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When only the primary slip system is activated, the macroscopic plastic strain rate is 

calculated as follows.

   primary primaryp ε P  . (12)

From Eqs.(11) and (12), it can be found that the deformed geometry becomes 

macroscopically rectangular because all the macroscopic shear strain rates become zero

when the elastic isotropy is assumed.  Therefore, if the rotation of crystal orientation is 

ignored, there is no constraint between the two grains in the bicrystal as shown in Fig.3a.  

In contrast to this, when the angle  deviates from 45 , crystal grains deform into 

parallelograms.  Therefore, there is deformation constraint on the grain boundary in the 

bicrystal, which induces GNDs on the grain boundary as shown in Fig.3b (Kondou and 

Ohashi, 2007).  Consequently, the deformation can be heterogeneous even during axial 

loading (Ohashi, 1990b).

3. Results

3.1 Effect of finite element mesh resolution

Fig.4a, b and c shows the GND norm density distributions of the model deformed 

up to 0.25% in tensile loading with finite element mesh resolutions of 20 20 4  , 
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30 30 4  and 40 40 4  elements, respectively.  The maximum and minimum 

values of GND norm density are also shown in Fig.4.  The range of contour is adjusted 

for each resolution, so the qualitative difference can be compared.  Although the 

maximum value of GND norm density increases with the increase in number of 

elements used in the finite element model, the overall GND norm density distributions 

for each resolution are qualitatively similar.  The purpose of this study is not to 

estimate the quantity of GND density but to clarify the evolution mechanism of the 

dislocation structure.  Therefore for the sake of time efficiency in this study, the model 

with the 20 20 4  element is used for cyclic loading calculations.

3.2 Strain-amplitude-dependent organization of the GND structure due to cyclic loading

Fig.5 shows the evolution of GND norm density distribution on the primary slip 

system during cyclic loading up to 10 cycles.  The ranges of contour are adjusted to the

maximum and minimum values for strain amplitude during the 10 cycles, so the 

normalized density distribution after 10 cycles is as illustrated in Fig.5d.  The model 

with strain amplitude +/- 0.01% does not show any significant change in GND norm 

density structure during cyclic loading, although the models with strain amplitudes 

larger than +/- 0.05% show an increase in the GND norm density during cyclic loading.  
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The density distributions shown in Fig.5d are qualitatively different. These results 

indicate that not only the absolute value of GND density but also the morphology of 

GND structure change depending on the strain amplitude.

4. Discussion

4.1 Mechanism of strain-amplitude-dependent evolution of GND density distribution

Fig.6a-e shows the evolution of GND norm density distributions on the primary 

(B4) and a secondary (A3) slip systems during the 1st cycle with strain amplitude 0.01% 

at strain 0.002%, 0.006%, 0.01%, 0.008% and -0.01%, respectively.  The results in 

Fig.6d and e illustrate the distribution after stress reversal.  These figures show that 

GND accumulates only on the primary slip system.  Fig.7a-e shows the evolution of 

GND norm density distribution on the primary (B4) and the secondary (A3) slip 

systems during the 1st cycle with strain amplitude 0.05% at strain 0.01%, 0.03%, 0.05%, 

0.04% and -0.05%, respectively.  These figures show that GNDs on the secondary slip 

system (A3) accumulates at the top of the center of distribution just after loading 

reversal.  Fig.8a-e shows the evolution of GND norm density distributions on the 

primary (B4) and the secondary (A3) slip systems during the 1st cycle with strain 

amplitude 0.25% at strain 0.05%, 0.15%, 0.25%, 0.2% and -0.25%, respectively.  
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These figures show that GNDs on the secondary slip system (A3) accumulates not only 

at the top of the center but also at the bottom of the center.  Fig.9a-e shows the 

evolution of GND norm density distributions on the primary (B4) and the secondary 

(A3) slip systems during the 1st cycle with strain amplitude 1.0% at strain 0.2%, 0.6%, 

1.0%, 0.8% and -1.0%, respectively.  These figures show that GNDs on the secondary 

slip system (A3) accumulates from the top through the bottom of the center.  This 

accumulation corresponds to the activation of the secondary slip system near the grain 

boundary.

From these results shown in Figs.6-9, the strain-amplitude-dependency of GND 

density distribution is assumed to evolve through the following mechanism.  That is, 

the larger strain amplitude leads to a more significant activation of secondary slip 

systems and accumulation of GNDs due to constraint near the grain boundary.  The 

activation of secondary slip systems contributes also to an increase in SSD density on 

the primary slip system due to the decrease in the mean free path of dislocations as 

shown in Eq.(7).  Because the increase in SSD density results in an increase in flow 

stress, a heterogeneous stress field is induced.  Consequently, the heterogeneous GND 

structure evolves gradually during cyclic loading.  In contrast to this, with sufficiently 

small strain amplitude, secondary slip systems cannot be activated and SSD density 
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increases uniformly because GNDs on the primary slip system does not affect the mean 

free path of dislocations on the same slip system.  The physical interpretation of this 

process is that locally accumulated dislocations on secondary slip system(s) interrupts 

slips on the primary slip system.  Consequently, the shear slip distribution on the 

primary slip system becomes heterogeneous, which corresponds to the evolution of the 

GND structure on the primary slip system.

Hu et al. (1996a, b) conducted cyclic loading experiments and surface 

observations for copper bicrystals.  The experimental results showed that saturation 

stress increases with strain amplitude.  They concluded that the activation of secondary 

slip systems in the vicinity of the grain boundary with the increase in the strain 

amplitude contributes to the increase in saturation stress.  Based on the experimental 

results for copper bicrystal subjected to fatigue deformation, Hu and Wang (1998) 

reported that the grain boundary effect was not observed at low strain amplitude, while 

the effect was significant when the amplitude was high.  They attributed the difference 

to large incompatible stresses at the grain boundary.  Although the number of loading 

cycles in these experimental studies is much larger than that in the present simulations

and the elastic isotropy, zero lattice friction stress and the same interaction between 

dislocations is assumed in the calculation, there are remarkable similarities such as the 
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grain boundary effects and the strain-amplitude-dependent activation of secondary slip 

systems.

4.2 Strain-amplitude-dependent additional cyclic hardening

Fig.10 shows the relationships between the peak stresses at each cycle and the 

accumulated plastic strain during cyclic loading.  The inset in Fig.10 shows an 

enlargement of the part within the square.  In these figures, cyclic loading with larger 

strain amplitude shows a slight additional cyclic hardening.  The mechanism of this 

additional cyclic hardening is explained by the additional increase in SSD density due to 

multiple slip activation and the decrease in the mean free path of dislocation, similar to 

the mechanism of the strain-amplitude-dependent evolution of GND density as 

explained in Section 4.1.

The experimental results for bicrystal copper subjected to cyclic loading 

conducted by Hu et al. (1996a, b) show similar additional cyclic hardening with an 

increase in strain amplitude.  This type of strain-amplitude-dependent additional cyclic 

hardening can also be seen in experiments on polycrystalline materials (Tanaka et al., 

1985; Kang et al., 2003).  The relationship between the present simulated results with 

bicrystal and the experimental results for polycrystalline materials has not been clarified.  
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Further computational investigation and experimental observation are needed to explain 

the mechanism of the additional cyclic hardening.

4.3 The effect of the elastic anisotropy on the evolution of the GND structure

In this section, the effect of elastic anisotropy is discussed. The anisotropic 

elastic compliances for copper used in this section are 11
11 1.4995 10S   , 

11
12 0.6282 10S    11

44 1.3263 10S   2m N   (Simmons and Wang, 1971), and the 

anisotropy ratio  11 12 442 s s s is 3.2085. Fig.11 shows the evolution of GND norm 

density distribution on the primary slip system. Comparing to the results in Fig.11 

with the isotropic elastic compliances shown in Fig.5, the GND norm density structures

with smaller strain amplitudes show clearly different morphology although the overall 

distributions in the results with the larger strain amplitudes are similar. The results 

with the strain amplitudes +/- 0.01% and +/- 0.05% in Fig.11 show the GNDs 

accumulate near the grain boundary. Fig.12 shows the relationships between the 

normalized average GND density norm and the number of cycles. For the 

normalization, the average GND density norm is divided by the average GND density 

norm at 10th cycle of the result with the anisotropic elastic compliance.  This figure 

shows that the average GND density norm of all the results, except for the strain 
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amplitude +/- 0.01% with the isotropic elastic compliance, increases with the number of 

cycles. The increase in the average GND density norm is larger in the result with 

anisotropic elastic compliances. During the cyclic loading of the strain amplitude 

+/-0.01% with the anisotropic elastic compliances the secondary slip system is activated 

although the cyclic loading of the strain amplitude +/- 0.01% with the isotropic elastic 

compliances shows that only the primary slip system is activated. That is, the elastic 

anisotropy leads to more significant activation of secondary slip system(s), which 

results in the more significant increase in the average GND density norm.  Therefore, 

in the present calculations, the mechanism of the evolution of GND structure for the 

model with elastic anisotropy can be explained by the same concept in Section 4.1.

4.4 The effect of the lattice friction stress on the evolution of the GND structure

In this section, the effect of lattice friction stress 0 in Eq.(5) is discussed. Fig.13 

shows the evolution of GND norm density distribution during cyclic loading with the 

strain amplitude +/- 0.05% and +/- 0.25% using the lattice friction stress 0 0.4MPa 

and 0 4MPa  . The ranges of contours are the same to the results with 0 0MPa 

in Fig.5. The results with strain amplitude 0.25% show that the increase in the lattice 

friction stress 0 results in less evolution of GND density norm distribution. Fig.14 
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shows the relationship between the average GND norm density on the primary slip 

system and the number of cycles. This figure shows that the smaller lattice friction 

stress leads to more increase in average GND norm density. The results with the 

lattice friction stress 0 0.4MPa  and 0 4MPa  in Fig.14a, and 0 4MPa  in 

Fig.14b show almost no increase in average GND norm density. It was confirmed that 

the secondary slip system was not activated in these conditions. That is, due to the 

high lattice friction stress the critical resolved shear stress (CRSS) is increased, which 

results in the less activation of secondary slip system and the less evolution of GND 

structure.

4.5 The effect of the interactions of dislocation between different slip systems

In this section, to confirm the effect of the off-diagonal components of interaction 

matrix  nm in Eq.(5) and the off-diagonal components except for co-planar 

components of weight matrix  nm in Eq.(7), the values in table 3 are used in the 

calculation. Fig.15 shows the evolution of GND norm density distribution during 

cyclic loading with the strain amplitude +/- 0.25%. The result with low value of the 

off-diagonal components of the interaction matrix and the weight matrix show the most 

significant evolution of GND norm density distribution. The lower values of the 
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off-diagonal components of the interaction matrix and the weight matrix leads to the 

more activation of secondary slip system, which results in significant evolution of GND 

structure.

5. Conclusion

Cyclic loading for symmetric bicrystal composed of FCC material with ideal elastic 

compatibility was investigated sing a crystal plasticity finite element method. The 

evolution of the geometrically necessary dislocation (GND) structure and 

strain-amplitude-dependent cyclic hardening were also examined.  The following 

conclusions were obtained:

(i) Cyclic loading with larger strain amplitude led to more significant evolution of 

GND density.  Qualitatively different evolutions of the GND structures 

dependent on the strain amplitude were also numerically predicted.

(ii) Cyclic loading with amplitude of +/- 1 % tension/compression strain showed 

distinct additional hardening compared to the results with smaller strain 

amplitude.

(iii) The strain amplitude dependency in cyclic plasticity was strongly affected by the 

activation of the secondary slip systems due to local stress near the grain 
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boundary.  Larger strain amplitude induced larger internal stress due to the 

deformation constraint between crystal grains, and this led to more significant 

activation of secondary slip systems.

(iv) The effects of the elastic anisotropy, the lattice friction stress and the interaction 

between dislocations are investigated.  The results show the slightly different 

behavior of the evolution of GND structure from the ideal model without these 

effects.  However, all the results can be explained by the same mechanism to 

conclusion (iii), that is, the more significant activation of secondary slip system 

results in the more significant evolution of GND structure.
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Fig.1 Schematic diagram of symmetric bi-crystal model 
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Fig.2 Definition of Euler angles 
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Fig.4 Effect of mesh resolution on GND norm density distribution 
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Fig.6 Evolution of GND norm density distribution during 1st cycle with strain amplitude 

0.01% (a) strain 0.002%; (b) strain 0.006%; (c) strain 0.01%; (d) strain 0.008% after 
loading reversal; (e) strain -0.01% 
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Fig.7 Evolution of GND norm density distribution during 1st cycle with strain amplitude 
0.05% (a) strain 0.01%; (b) strain 0.03%; (c) strain 0.05%; (d) strain 0.04% after loading 

reversal; (e) strain -0.05% 
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Fig.8 Evolution of GND norm density distribution during 1st cycle with strain amplitude 
0.25% (a) strain 0.05%; (b) strain 0.15%; (c) strain 0.25%; (d) strain 0.2% after loading 

reversal; (e) strain -0.25% 
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Fig.9 Evolution of GND norm density distribution during 1st cycle with strain amplitude 

1.0% (a) strain 0.2%; (b) strain 0.6%; (c) strain 1.0%; (d) strain 0.8% after loading 
reversal; (e) strain -1.0% 
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Fig.10 Strain amplitude dependency in cyclic hardening behavior 
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Table 1 Material parameters for the present analysis 

Elastic compliances, 11 210 m N−   11 1.0S = , 12 0.25S = − , 44 2.5S =  

Shear modulus, 1110 Pa    441 0.4Sμ = =  

Magnitude of Burgers vector, 1010 m−  2.556 

Lattice friction stress 0θ , MPa (Eq.(5)) 0 

a  in Eq.(5)    0.1 

c  in Eq.(6)    1.0 

*c  in Eq.(7)    15 
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Table 2 Slip systems for FCC crystal and their Schmid-Boas notation and Schmid factor 
for loading in y-axis 

No.  Schmid-Boas Slip plane Slip direction Schmid factor Remarks
 notation      for loading 
       in y-axis 

1 A2  ( )111   110⎡ ⎤⎣ ⎦   0.288 

2 A6  ( )111   011⎡ ⎤⎣ ⎦   0.180 

3 A3  ( )111   101⎡ ⎤⎣ ⎦   0.469 

4 D1  ( )111   [ ]110   0.219 

5 D6  ( )111   011⎡ ⎤⎣ ⎦   0.052 

6 D4  ( )111   [ ]101   0.167 

7 B2  ( )111   110⎡ ⎤⎣ ⎦   0.250 

8 B5  ( )111   [ ]011   0.250 

9 B4  ( )111   [ ]101   0.500  Primary 

10 C1  ( )111   [ ]110   0.320 

11 C5  ( )111   [ ]011   0.120 

12 C3  ( )111   101⎡ ⎤⎣ ⎦   0.198 
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Fig.3 Crystal orientation dependent shear strain of single crystal and the effect on the 

interaction between two grains in symmetric bi-crystal 
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Fig.5 Evolution of GND norm density distribution on primary slip system (B4) during 
cyclic loading (a) at 1st peak stress; (b) after 1cycle; (c) after 5cycles; (d) after 10cycles. 
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Fig.11 Evolution of GND norm density distribution on primary slip system (B4) during 
cyclic loading calculated with elastic anisotropy (a) at 1st peak stress; (b) after 1cycle; (c) 

after 5cycles; (d) after 10cycles. 
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Fig.12 The effect of elastic anisotropy on the increase in average GND density norm 
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Fig.13 Evolution of GND norm density distribution on primary slip system (B4) during 
cyclic loading calculated with non-zero lattice friction stress 0θ  in Eq.(5) (a) at 1st peak 

stress; (b) after 1cycle; (c) after 5cycles; (d) after 10cycles. 
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Fig.14 The effect of non-zero lattice friction stress on the increase in average GND 
density norm (a) strain amplitude 0.05%; (b) strain amplitude 0.25% 
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Fig.15 Effect of the off-diagonal component of interaction matrix ( )n m≠Ω  and the 
off-diagonal components except for co-planar of weight matrix ( )n mω ≠  on evolution of 
GND norm density distribution on primary slip system (B4) (a) at 1st peak stress; (b) 

after 1cycle; (c) after 5cycles; (d) after 10cycles. 
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Table 3 Interaction matrix and weight matrix parameters 

    Low  Mid.  High 

( )nmΩ  n=m   1  1  1 

( )nmΩ  n≠m   0.98  1.01  1.04 

( )nmω  n=m or co-planar  0  0  0 

( )nmω  n≠m   0.98  1.01  1.04 

 




