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Abstract
The existence of the solutions of the Cauchy problem
x'=f(t, x), z(0)= 2 € E

in a Banach space £ are studied. We give a sufficient condition for the above equation to have
a unique solution, and prove that the successive approximations for the above equation converge
weakly to the unique solution.

1. Introduction

Let E be a Banach space with the dual space E*. The norms in E and E*

are denoted by || ||. We denote by S(x,r) the closed ball of center x with
radius 7. In this paper we consider the Cauchy problem
(R = (1..1), z(0) =xEE,

where f is E-valued mapping defined on [0, a] X.S(x,, 7). By a solution of (CP),
we mean a strongly absolutely continuous function # defined on some interval
[0, T] (0<T=a) satisfying u (0)=x, and ' (t)=f (¢, u(t)) for a.e.t&[0, T.

It is our object in this paper to give the weak convergence theorem for the
successive approximations for (CP) under similar conditions to S. Kato [3] in
which he treats the strong convergence. The techniques employed in this paper
are similar to those of {3].

Throughout this paper we assume that E,, the space E with its weak
topology, is complete.

2. Preliminaries

Let f be a mapping from [0, a] X.S(xy,7) into E satisfying the following
conditions :

(Fy) f(+, x) is strongly measurable in ¢ for each x&.S (x,, 7), and for a.e.t&
[0,a], f(z, +) is weakly continuous in =z, ie., f(Z, +) is continuous from S (z,, 7)
with relative topology of E, into E,.

(F,) There exists an mEL‘b(O, a) such that
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£t 2)||=m(t) for a.e.tE[0,a] and all xES (o, 7).

We define the successive approximations for (CP) as follows :
(1. 1) o (t):xg—i-S: Ll uns )5 (n21),
where u, is an arbitrary continuous function from [0, a] into .S (o, 7).

To show the weak convergence of {«,} we consider a Kamke-type uniqueness
function ¢ satisfying the following conditions :

(G) ¢=g(t,7) is a function from (0, a] x[0, 2r] into R* which is measurable
in ¢ for each 7, and continuous nondecreasing in z for each 7.

(Gy) For each 4(0,a], w=0 is the only absolutely continuous function
defined on [0,d] which satisfies w (0)=0 and w' (t)=¢ (¢, w(f) for a.e. t=(0, a].

(Gy) There exists a function a defined on (0, a] such that

g(t, 7)=alt) for (¢, 7)€(0, a] X [0, 2]
and a= L! (¢, a) for every € (0, a).
Before stating the main results we prepare the following two lemmas.
Lemma 2.1. Let ¢ satisfy the conditions (Gy), (Gy) and (Gy), and let w be
an absolutely continuous function from [0,a] to [0, 27]. Suppose furthermore
that w (0)=0 and
w (1) =g(t, w(t) for a.e.t=(0, a] .
Then w=0 on [0, a].
For a proof see Lemma 2.3 in [5].

Lemma 2.2. Suppose that f satisfies (F,) and (F;). Then for each strongly
measurable function z from [0, a] into S(xy,7), f(+, 2(+)) is strongly measurable
and Bochner integrable on [0, aj.

For a proof see Lemma 2.2 in [3].

3. Main results
Now, we can state the following main results.

Theorem. Suppose that (F,) and (F,) are satisfied. Suppose furthermore
that, for each ¢=E*, ||¢||=1, there exists a function g, satisfying (G,)~(G,) such
that

(3- 1) Kf(t’ .’.l‘)—f(i, y), ¢>’ ég-ﬁ (t’ Kx_y’ ¢>|)

for each (¢, z), (t,4)E(0, a] xS (2, 7). Then the successive approximations {u,}
defined by (1.1) converge weakly uniformly on some interval [0, 7] to a unique
solution u of (CP). Here, we denote by <z, ¢> the value of ¢ at x.

Corollary. In Theorem, if f is weakly continuous on [0, a] X.S(xy, 7), then
the conclusion of Theorem holds true. Moreover, « is weakly continuously
differentiable on [0, 7] and satisfies (CP) for every ¢&[0,7] in the sense of
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weak derivative.

4. Proof of main results

Proof of Theorem. Let 7°(0,a] be such that sTm(t) dt<r and set [=
0

[0, T]. We remark first that, by the assumptions (F), (F;) and Lemma 2.2,
f(+,2(+)) is strongly measurable and Bochner integrable on I for each strongly
measurable function 2: IS (x, 7).

Let {u,} be the sequence of successive approximations for (CP) defined by
(4.1) u"(t):xo—i—gtf(s, sl e b, 22 B,
0

where u, is an arbitrary continuous function from [0, a] into .S(x,7), and the
integral is a Bochner sense.

It follows from (4.1) and (F,) that
t t
) =2 <[ 11/ (5 wns (s = (| (e <7

for each t&I and n=1. This implies that u, (t)E.S(zy,7) for each t=I and
n=1. On the other hand, we have

@2 &= u@ISI| 16 wna(Nide] S| me)de] M)~ M(s)
for each s, t=1 and n=1, where M(t):S;m(z-) dr for te1.

Letting s=0 in (4. 2) we have
|een (I = [[a(O)|[+ M (&) = || 2ol| + M(T) ||| | + 7,

and hence {«,} is equicontinuous and uniformly bounded on I. For each ¢ = E*,
l|¢||=1, we define the functions w, ,(+; ¢) and w,(+; ¢) by

Wna(ts @) = [Kun@®)—unt), ¢9| (€L, mznz1)
and
wy(t; ¢) =sup {wnalt; ¢); m=np (€L n21).
Then, by (4. 2), we have
|Wn,nt 5 ) —wWmals; O =] [<un(t) —uait), ¢>|—|<um(s)—uals), ¢ |

<‘\um< t)—um(s), ¢>—<un (&) —un(s), é)|
= |t (8) — um(S)| |+ [|en (8) — un(s)|| < 2| M (8) — M (s)|

and hence
|wa(t 5 @) —wals; @) =sup {|wnalt; ¢)—wWnals; @) ; m=n}
=2| M(t)— M s)|

for all s, tI and n=1. Thus we have the following.
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(4.3) wan (G Q) Swalt; ¢) (€l n=l).
(4.4) wy(+; ¢) is absolutely continuous on I for each n=1, and {w,(+; ¢)}
is equicontinuous and uniformly bounded on I

(45 w0 H=0 (1.

From (4. 3), there exists a function w (+; ¢) from I to R* such that w,(+; ¢)—
w(+; ¢) pointwise on I.  On the other hand, (4.4) implies that the convergence
w, (+; ¢)—>w(+; ¢) is uniform on I It thus follows that w (- ; ¢) is absolutely
continuous on .

Let ¢ and 4t >0 be such that ¢, t+4t=1 Then we have by (3.1) and (G))

me+1,n+1(t+dt; ¢)_wm+l,n+l (t; ¢)I
= [Kttmar (t+A8) =t 1 (), ¢ — <t (E+4t) —tnia (), ¢

t+4
t

= 1] £ D, 8> <[ £ (90 )
= 1] <F (st (5) =1 (5, wa(5). 8> s

t+ 4t

[ s, wmatss @< gulsswenss @) ds.

t t

A

Since w,(+; ¢)—w(+; ¢) uniformly on I, we have by letting n—oo

we+ae; §—wle; HI| " 0,65 w5 @) ds.
Thus we have
[ (t; @) =g,(t,w(t; ¢) for a.e.ts(0, T].

Since w(0; ¢)=0, we deduce now that w(t; ¢)=0 on I by Lemma 2.1, and
this implies that {u,} is weakly Cauchy uniformly on I. By virtue of the weak
completeness of E, {u,} converges weakly uniformly on I to a certain weakly
continuous function .

We next show that « is a unique solution of (CP) on I. Let ¢=E*, then

Ctnn 0, 8> = <y $+ . <F (5,4 (9, 6> s

for t&I and n=1. Since {u,} converges weakly uniformly on I to «, we have
by letting n—oo

Cult) §y=<an $+ || S (s, u() 8> ds

for tel. Here, we have used the dominated convergence theorem. Since ¢ & E*
is arbitrary, « is a solution of (CP) on I

To show the uniqueness, let v be another solution of (CP) on [ and let
w(t)=|<u(t)—v (), ¢>| for t&I, where ¢=E*, |/¢|=1. Then w is absolutely
continuous on I and
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w Ot u(t)—f(t v @), ¢
§g¢(t, [u (t)—v(2), ¢>l):g¢(t; w (2))

for a.e.t=(0, T]. Since w(0)=0, it then follows from Lemma 2.1 that w=0
on I This completes the proof of Theorem.

Proof of Corollary. The weak continuity of f on [0, a] XS (xy, ) satisfies

the conditions (F,) and (F,). Now, the desired result follows from the weak
continuity of f(¢, «(¢)) on L
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