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Let E be a Banach space with norm || |, and let U be an open set in E.
We consider the nonlinear abstract Cauchy problem
(D) w=flt,u), u0)=ucU.

Here f is a continuous E-valued mapping defined on [0, Tl xU. We say u is
a solution of (D) on [0, T'] with «(0)=u, if « is continuous on [0, T'], differen-
tiable on (0, 7') and if u()eU, «'(t)=f(t, u(t)) for te(0, T').

It is our object in this paper to give a sufficient condition for the unique-
ness of solutions of (D).

Our result is a straightforward extension into a general Banach space of
that of J. M. Bownds and J. B. Diaz [1].

For u, v in E we define {u, v) by

Cu, vy = lim -l hol| = ).

The above limit exists for each u, v in E since %(Hu—i—hv]l—”un) is bounded
and nondecreasing as & 1 0.

LeEMMA. Let I be an open interval and r a continuous function from I
into E such that D r(t) exists for all tel, where D r(t) denotes the left deriva-
tive for r(t). If mt)=|r@)| for all tel, then D m(t) exists and

D m(t)=(r(t), D r@).

For a proof see [3].

THEOREM. Suppose that f is continuously Fréchet differentiable on (0, T)
x U, and set

V(t, u)=fi(t, 0)+ fu(t, u) 12, w)
for (t,w)e(0, T')x U. Suppose furthermore that
S, u)—flt,v), V(t,u)—V(z,v)y =0
Jor (¢, u), (t,v)e(0, T)x U.

Then there exists at most one solution of (D).

PrOOF. Suppose that there exist two solutions # and v of (D). Define
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m()=||£(t, u(@®)—f, v(@)| for £€[0, T]. Then, m(0)=0, m(#) =0 for £€[0, T,
and
D m(t) = {f(t, u(®)—f(t, v(2), D (f{t, u(®)—f(& v(2))
= {flt, u@)—fg, v(@), V&, u(®)—V(E v@)

for z€(0, T'), where we used the chain rule for Fréchet derivatives. Hence, the
hypothesis of the theorem then implies that

Dm@®)<0 for te(0,T).

Thus if follows that m()=0 on [0, T'] since m is nonincreasing and m(0)=0.
Since x and v are solutions of (D), «'(f)=%'(¢) on (0, T'), while the initial con-
dition gives that «(0)=v(0), therefore, u(t)=v(t) on [0, T'].
ReMmark 1. If E is a Hilbert space with inner product (,), then we can
easily see that
vy = (Re(w o)l (w0

L~ (u=0),
and hence, our condition of the theorem becomes
Re (16, u)—ft, v, V(& 0)— V(5 0)) SO

for (¢, ), (¢,v)€(0, T)xU.
REMARK 2. If E=R" the n-dimensional Euclidean space, and U is an
open set in R™.
Suppose that fe C([0, T1x T ; RYNC'((0, T)xU; R*), then for each h=
(hy, +++, h,) € R”
fult,w) - fL(t u)
fu(t9u)h:(hl,”'ahn)< )7
S, (& 1) -+ fu (&, w)
where f(t, w)=(f"t, w),--f"(t u)), and f; (¢ u) denotes the partial derivatives of
fi(t, u) with respect to u;.
Hence our condition of the theorem becomes

5[ 76 0=t ] [( 716 0+ B A2 0.6 0)

- _(f;‘ (t, v)+ f@lﬁ{j (t, v) (2, v))] <0

for (¢, w), (¢, v)€(0, T)x U.
ExampPLE. We consider the scalar differential equation

il
’ MO .- 1 =3 << = 0),
u—f(t,u)—1+1+~/u 0=t=T, u=0)

In this case
—1

m 0<t<T, u>0).

Vi(t, u)=
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Hence, for (¢ u), (¢, v)€(0, T")x (0, o),

(f1t, w)— £t ) (V& )= V2, v))
_ —Wu—AvP+utv+iuv +2(0u +4v)] <0
e 2Wuv[1+Vu)1+4v)P i
as required by the hypothesis of the theorem. The conclusion is that there is
at most one solution u(z) for which «(£)>0 when £>0.
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