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Some Note of Definitions for Boolean Rings

by Kiro IsoBE

G. R. Blakley gave some definitions of commutative rings with unity (See [LT
He tried to formulate associative laws, commutative laws and distributive laws of
commutative rings by only one formula and he obtained the following theorem.

Theorem B. A commutative ring (with unity) is a set with two nullary operations,
and two binary operations, + and juxtaposition

’

0 and 1, with one unary operations, —

such that
(1) »+0=0
(2) rl=r
B (=n+ra=0
4) ((ay+bx)+cz)r=blrx)+(alyr)+=(rc))

for every a,b,c,r,x,v, 2.

S. Tamura applied this theorem to Boolean rings (See [2].). And he obtained the
following :

Theorem T. A set with two nullary operations, 0 and 1, with two binary opera-
tions, +and juxtaposition such that

1) r+0=r

2 rl=r

B) r+ra=0

4) (a+br+cz))r=(br+ar)+z(cr)

for any a,b,c,r,z, is Boolean ring with unity.

In this short note we shall try to apply the previous theorems to Boolean rings
without the unity 1 and we shall get the following result.

Theorem A set R with a nullary operation, 0, and two binary operations, +and
Jjuxtaposition such that

(1) r+0=r
(2) to every two elements a,b €R, there exists e(a,b) €R such that aela, b)=a and
be(a,b)=b.

(3) (ab)c=blac)
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"322 = O
@) r+rna=0
6) (a+Gr+c)r=br+ar)+cr

for every a, b, c,r€R, is Boolean ring.
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1) r+0=r

(2): rlu=

@) (=n+na=0

4) ((ay+bx)+cz)r = b(ra)+(a(yr)+z(rc)

LTS EE RILHEALTT R O HBIC/ 5,
7w R ;AL TCA & OB e 51X (1), (2), 8), (@) %iieT5Z L3 LA TH S,

EET (HN=H)
1)
@
3)
4)

(r+r)a=0
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2) RoFRMWDIT ay, -+, an LT, It e=elay, -, a,) ER BFEEL,
me=ay, -, ape=a, NI T 5,

3) r+r)a=0

(4) (a+(br+c2))r = (br+ar)+=z(cr)

/L35 L & Rix Bool BB Th 5%,

)i R 7% Bool B7g H1x (1), (2), B), (4) i85 L3WONTH 5,

EH1XEET TLRMES b OIT elay, -, a.) #F5DTHE0HREMCIEET &
bbicwy, EHT 2HETHdCFEBYEL 5,

(RIE i)
B) r+r=0+rer+r) =
6) 0a = (0+0)a =0
e=ela,b,at+b) L LT,
(7) a+b = (a+(be+00)) e
= (be+ae)+0(0e)
=b+a
e=e(c,c2) L BT
8) ¢z =(0+(0e+cz))e
= (0e+0e)+ z(ce)
= %€
e=c¢ela,b,c,at+b+c) LT,
9) a+(b+c) = (a+(betce))e
= (be+ae)+e(ce)
= (a+b)+
(10) (z¢)r = (c2)r = (0+(0r+c2)) r
= z(cr)
11) (a+o)r = (a+(0r+-ce(c)) r
= (0r+ar)+e(c) (cr)
= ar—+cr
(12) 7r = (0+(e(r) »+00)
= (e(r) r+0r)+0(07)
= r
(13) FHED a, beR IZHL T a+tla+b)=b
GE B #)
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#w =
(1) FED2o50T a,beER IZHL T, ela,b) ER BWHEEL T, aela,b)=a, bela,b)=b
ML T 5,
(2) (ab)c = albe)
R THEEEHL O (2) 1 XBLT %,
GEB) n—1{HD ay, -, an1ER ITHL T elay, -, an-1)=€R ELEL,
é;eo=a1, e Apre=an1 PR TH Z EREET L, ay, o, an€R KL Tk elan, e)=e
EBWT,
ae = (a;e) e = a;(ee) =aze, = a; (=1, -, n—1)

ane = an (GE B #%)

EH 2
1) r+0=r
(2) LED22ODT a, beER L T, ela,b) ER BFEL, aela,b)=a, bela,b)=b
BT %o
3) (ab)c = b(ac)
4) (r+r)a=0
(5) (a+(br+co)r = (br+ar)+cr
i e 3% & & Rk Bool BRI/ %,
i R 3 Bool Bé7e 613 (1), (2), (3), (4), (6) Zifi/d 3 %,
GEW)  EE1 0N & A
6) r+r=0
(7) 0a=0
e=e(a,ab) & B\ T
8) ab = (ab)e = b(ae) = ba
©9) (ab)c = (ba)c = a(be)
Liz2s o THIED B
(10) EH 1o (2) Zili T %,
e=e(a,b,a+b) LB\ T
11) a+b = (a+(be+0))e
= (be+ae)+0e
=b+a
(12) 7rr = (0+(e(r)r+0))r
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= (e(r) r+07r)+0r = r
e=ela,b,c,a+(b+c)) L BT,
(13) a+(b+c) = (a+(beto))e
= (be+ae)+ce
= (a+b)+c
(14) (a+c)r = (a+Or+c))r
= (Or4ar)+cr = ar+cr
(15) {EE D a,beER KL T

a+t(a+b)=1">
(RE B #%)
& £ X #
1) J. R. Blakley: Four axioms for commutative rings, Notice of Amer. Math. Soc., 15, p. 730
(1968).

2) S. Tamura: Axioms for Boolean Rings. Proc. Japan Acad., 46, p. 121-123 (1970).
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