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Let E be a partially ordered linear space in a most general sense. We define the set
P in E such that

Pt {x: x<y implies ng} :

In section 1, we shall consider about some necessary conditions which yield to that P=E".
In section 2, we shall investigate about some properties of P. And assuming that P satisfies
conditions of positive cone of partially ordered linear space, we shall make properties of

ordering which is introduced by P clear. Finally we shall get necessary and sufficient condi-
tion of that P=E".

1. Some necessary conditions for P=E

If Nx=0, then Nx=a for every acE. Because

>0 x>a
a=Nx+a=N(x+a)=Ny.
x>0 x>0 y>a

(1) If Nx=0, then P=E".

x>0
It is as in the following. It is clear that E' CP.
Conversely if a€P, then a<x concludes 2>0. From existence of Nz(=a),

=% x>a
we have 0=Nx<Nzx=a and PCE".
>0 x>a

(2) If E is vector lattice, then Nx=0.

x>0

It is as in the following. We put a=a —a <z for every x>0. If a >0,

+ -1 X . . : +
then a=a —a <5 a’. This fact is not in agreement with @ —=aU0. Con-

sequently we have ¢' =0 and a<0.
(1) and (2) yield the following theorem.

Theorem 1. If E is wvector lattice, then P=E .

The inverse of Theorem 1. is not established.
Example 1. Let E be the collection of all differentiable real functions in

an interval (a, b). For f,g€E we define f>g if flx)>g(x), (a<x<b). E is not
vector lattice’ but P=E".

The following relation is obvious.

*  Kitami Institute of Technology.

Hokkaido University of Education.
1) See[1].

*ok



510 Kiro ISOBE and Teiko HIGASHIYAMA

(3) If E is Archimedean, then Nx=07.

x>0

(1) and (3) yield the following theorem.

Theorem 2. If E is Archimedean, then P=E".
The inverse of Theorem 2. is not established.
Example 2. Let E be R* with lexicographic ordering.
E is not Archimedean but E is vector lattice (with total ordering) and
P=E".

2. Some properties of P

Let A be a subset of E. A point a is an internal point” of A if, given
z in E, there exists 6>0 such that a+2r€A whenever |2] <a.

Theorem 3. If a point a is an internal point of P, then a>0.
Proof. We put 0<pcE. To p there exists 9>0 such that a+2peP
whenever |2]<5. Now we put 0<21<d and we have Paa—ip<a. Consequently
a>0.

Theorem 4.
iy E'cP.
ii) P2a, b implies a+beP.
iii) Psa and a>0 imply aacP.
Proof. i) is clear. If a, beP and a+b<zx, then a<xz—b.
Since acP we have x—b>0 and b<x. If b=x, then a+b<b and a<O.
This fact is not in agreement with a€P. Consequently b<x and £>0. From
the definition of P we have ii). Finally we put a€P and «>0. If aa<z, then

1 1
a<—x and — x>0.
a «

Consequently x>0 and aa€P.

It is not established that P satisfies the conditions of positive cone in
partially ordered linear space.

Example 8. Let E be R. We introduce ordering to E such that
E'={(x,): (z, ¥)=(0,0) or >0}. We have P={z, v): £=0}.

Consequently P do not satisfy the condition that a, —a€cP implies a=0.

Theorem 5. If a point a is an internal point of P, thne a is an internal
point of E.
Proof. Let a be an internal point of P. We put 0<peE.
To p there exists >0 such that a+2p€P whenever |2] <é.
Now we put 0<A<é and we have a—ip€P and a—%peP.

To any element x€E there exists ¢'>0 such that a+ pxeP whenever

2) See [2]
3) See [3].
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lp| <o, If ],u|£%, then a+2pxeP. And we have
(@—2p)+(a+2px) = 2a+2px—2peP,  a+pxr— %PEP.

; 2 . :
Since a+pr— 45 p<latpr we have a+ px>0. Consequently a is an in-

ternal point of E".

If P satisfies conditions of positive cone in partially ordered linear space,
then we can introduce another ordering in E, namely, to elements @ and & of
E we define a>b if a—beP.

And E is partially ordered linear space with positive cone P. We denote
such a partially ordered linear space by E.

We get easily by Theorem 4. 1) that a<b in E implies a<b in E.

Theorem 6. If we put P={x: x<y in E implies y>0 in E}, then P=P.

Proof. 1t is clear that P=E'cP. We put acP.
Assuming a<z in E we have a<x in E. Since x—a>0 in E we have

a<a+ %(x—a) inEand a<a+ %(x—a) in E. Consequently a+ —é—(x——a) eE"=P.

Since a+%(x—a)<x in E, we have >0 in E. Hence a€P.

Theorem 7. It is established that Nx=0 in E.

x>0
Proof. It is clear that 0 is lower bound of every >0 in E. Let a(eE)
be a lower bound of every £>0 in E. —a<z in E implies 0<a+z in E.
If —a<z, then we have a<a+x in E and 0<z in E. Consequently —aeP=E"
and a<0 in E.
If P=E', then E'=E" and E is same to E. Hence we have the following
theorem.

Thearem 8. P =E, if and only if, Nx=0.
x>0
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