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Introduction

We considered about a mean value of a function over an interval [a, 4] in
[1]. Namely, let a function f(x) be bounded over an interval [a, b] and 4 be any
division of the interval [a, ] into a finite number of subintervals, designating the
points of subdivision by

4d: ga=x,<x,<i<xi=b.
We put
I;

(e (e —ai) V8 SE S 2
Si= {ﬁ;s : Eielz.} ;

For every set S,, if their intersection is composed of only single point, i.e.,
N S,={&}, then we shall call this point & the mean value of the function f over
4

the interval [a, b].
The norm of the division 4 is defined such that

4] = Max {x; —z,; .}
and we put
S=n US,.
>0 |d]|<e

In this paper, we shall consider the following case that the set .S is composed
of only single point .

Main Result

Let a bounded function f(x) be Riemann integrable over an interval [a, 4] and
&=\"f(x)dx. For any division 4 of the interval [a, b], given by

&t a=t,<x, <<z, =5,
putting
G,= sup e, g;= inf Six) s

ZxZa, . ZLaZxy,
T;_LrxEa; g _Lxla;

G, = ﬁ]G'i (x;—x; ) and ¢, = Zlgz (i—2,01) 5

it is well known that
(*) for any positive number e, there exists some positive number 6 such that
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|| <& implies |G,— &|<e and |g,— &|<e
and
inf G,=supg,=56.
4 1
It is trivial that
S=nN U S,+0.

>0 |4|<e

If S3& & and £+ ¢&, then we adopt some positive number ¢ such that
—'5;—5" >e>0.

For such a e there exists some positive number 6 by (*) such that
|4] < 6 implies |G,—&]| <e and [g,— & <e.
Since S3§&, &, we have some two numbers &, and & satisfying

-8l <e, $l€|JL|J<6Sd and |&'—&| <e, ge U S,

14]<a

respectively.
Hence adopting some two divisions 4(|4|<4) and 4'(|4'|<9) of the interval
[a, b] such that

&,€S, and &€S,,

we have
G,2&=¢g,and G, 2§12 90

respectively. And we obtain by (*)
|6 —&| <2e and & —&[ <2e

and hence
6, — &l <A4e.

Consequently we have following contradiction

le—g| < |e—&] + |6—&l + |6 — €1 <6e<[¢ —¢.

Hence the set .S is composed of only single point .
Furthermore for any positive number ¢, we have some positive number é by
(*) such that

€
"
Since S 3£, we have some point & and division 4’ of the interval [a, b] such that

le—¢|<e, &eS,and |[4][<0

|4| < & implies |Gd—so|<% and |g,—&| <--

and it is that

’—o<i’
I =&l <5
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because
Gp.2¢, &2gu.
Consequently we conclude that
|6 =&l = 1€ —¢&+ |¢ —&| and §=4,.
Conversely we assume that the set S=N US, is composed of only single

§>0 |4|<e¢
point & for a bounded function f(x) over an interval [a, b].

Let 4 be any division of the interval [a, ], given by
4: a=z,<x,<<x,=b.

For any positive number ¢, there exists some numbers &; (i=1,2, ---,n) such
that

G, —- L<f('§i) (xiﬂéSiéxt)
b—a

and we obtain
G.2 Lf€) (x—x) >G,—e
hence
G,e8S,.
Consequently if |4] <4, then G,¢€ IES'A.
It is trivial by (*) that

inf G, = inf G,
4

|4]<é
and hence
inf G,e U S,
4 |4 <s

for any positive number 6. Consequently we obtain that
i?f G,€S and il;lf G,=¢.
We have in the same way to the above
sup g,€S and sup Q= .
Consequently we conclude that the function f(x) is Riemann integrable over

the interval [a, b].

Remark. A necessary and sufficient condition that the bounded function
flz) be Riemann integrable over the interval [a, b is that the set S=N U S,

e>0 |4]<e
is composed of only single point. And putting S={¢}, we have & =\: flx) d=.
(September 30, 1965)
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