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ABSTRACT. We establish the existence of Lebesgue-equivalent conservative and ergodic o-finite in-
variant measures for a wide class of one-dimensional random maps consisting of piecewise convex
maps. We also estimate the size of invariant measures around a small neighborhood of a fixed point
where the invariant density functions may diverge. Application covers random intermittent maps
with critical points or flat points. We also illustrate that the size of invariant measures tends to
infinite for random maps whose right branches exhibit a strongly contracting property on average,
so that they have a strong recurrence to a fixed point.

1. INTRODUCTION

For a given non-singular map on a probability space, the question whether an invariant measure,
which is absolutely continuous with respect to the reference measure, exists or not is one of the
fundamental problems in ergodic theory. The same question for a random map (in terms of both
annealed and quenched sense) makes sense and is also important passing through ergodic theory for
Markov operators, skew-product transformations or Markov operator cocycles. See [1,3,11,12,16,17,
20,21,25,29] and references therein. On the one hand, if a system, whether deterministic or random,
admits an absolutely continuous finite invariant measure, some classical ergodic theorems such as
the Birkhoff ergodic theorem are applicable. Moreover some limit theorems such as the central limit
theorem may be expected [2,9,10]. On the other hand, if a system possesses only an absolutely
continuous o-finite and infinite invariant measure, such a system is within the scope of infinite ergodic

theory and has been paid attention for recent decades [1,24,28]. Typical examples of such systems
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have indifferent or neutral, but weakly repelling, fixed points and are known as an intermittent model,
as well as a model of non-uniformly hyperbolic systems. The existence of absolutely continuous o-
finite invariant measures and several statistical properties for random versions of intermittent maps
thus have been recently enthusiastically studied [4-6, 17,29, 30].

The subject of the present paper is a certain class of one-dimensional random dynamical systems
called random piecewise convexr maps in annealed (or i.i.d.) sense (see the conditions (0)—(2) and
(A) or (B) precisely). The existence of invariant measures and their ergodic properties of the deter-
ministic piecewise convex maps were firstly studied by Lasota and Yorke in [22] for the case when
maps are uniformly expanding on the first branch and other branches have positive derivative, and
then studied by Inoue in [14,15] for more general cases. The aim of this paper is to generalize them,
demonstrating that random piecewise convex maps admit Lebesgue-equivalent ergodic o-finite invari-
ant measures. (For some interesting studies of random generalization of piecewise convex maps with
“position dependent” probability measures, we refer to [7] (cf., [19]), while we do not deal with posi-
tion dependent random maps but we handle random maps consisting of potentially uncountably many
maps with infinite invariant measures.) We also estimate the size of invariant measures, from which
it is revealed whether the o-finite invariant measures for random piecewise convex maps are finite
or infinite. The phenomenon that an invariant measure varies from finite to infinite as a parameter
of a system varies is well-known for (deterministic) intermittent maps employed by Thaler in [27] or
Liverani-Saussol-Vaienti (see (1.1) below) in [23]. Although our random piecewise convex maps also
admit both finite and o-finite infinite invariant measures depending on parameters and probabilities
of choice of maps, some examples of them (e.g., Example 4.1) have neither a common indifferent fixed
point nor a common critical point, which is very different from deterministic cases. The mechanism
is, roughly speaking, derived from strong contracting property on average, which never occurs for
deterministic systems and is unique to random dynamical systems.

We then briefly review the LSV map, named after Liverani-Saussol-Vaienti from [23], which has
been analyzed as a simple model of intermittency, and we will compare them (and known random
versions of them, see also [4-6]) with our random piecewise convex maps. For a > 0, the LSV map
T, :[0,1] — [0, 1] is defined by

Tow — {x(1+20‘x“) z€(0,3], (1.1)

2z — 1 z € (3,1]

which has an indifferent fixed point 0 and Lebesgue-typical orbits would be trapped around a small
neighborhood of 0 for a long time. For this map T, it is well-known that a Lebesgue-equivalent
ergodic invariant measure exists and that the invariant density function is of order z7% as =z — 0
[23,27,32]. Thus T, possesses an equivalent finite invariant measure for 0 < o < 1 and an equivalent
o-finite and infinite invariant measure for « > 1. The order of invariant measures radically affects
their statistical properties, such as the central limit theorem or the mixing rate in the finite measure-

preserving case (cf., [6,13,26]) and the wandering rate in the Darling-Kac theorem or the arcsine law
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in the infinite measure-preserving case (cf., [1,24,28]). Therefore it is certainly worth establishing
invariant measures and analyzing the asymptotics of the invariant measures for given systems. The
asymptotics of the invariant density for T, is also tightly related to the decay of the inverse images
of the disconnected point % by the left branch. If we set 1(a) = 3 and @, () € [0, 3) for n > 2 such
that To(n41()) = zp(a) for n > 1, then it follows from the results in [27,32] that

: (1.2)

where a,, ~ by, for positive sequences {a,};2q, {bn}32; C R stands for lim,,_,o §* = 1. In this paper,
for random piecewise convex maps, we establish the existence of Lebesgue-equivalent, conservative and
ergodic o-finite invariant measures and evaluate the asymptotics of the invariant measures, which is a
generalization of results for random LSV maps as in [4,5]. The advantage of our results is that we do
not restrict ourselves to constituent maps of random dynamical systems to be at most countable nor
expanding on average outside of a small neighborhood of the common indifferent fixed point. As an
application, we can modify a random LSV map to admit uniformly contracting branches and moreover
to admit a critical or flat point around the inverse image of an indifferent fixed point (see Example
4.3-4.6). The key point in the estimate of the invariant measures for random piecewise convex maps
is, on the contrary to the LSV maps, the decay of random inverse images of the disconnected point
by the right branches (see Definition 2.1, Theorem 3.2 and Theorem 3.3 precisely). That is, one
needs to take the contracting effect by right branches into account. Indeed, the induced (random)
map/the first return (random) map for (random) LSV maps satisfy uniformly expanding property (on
average), whereas those for our random piecewise convex maps do not in general. Hence we cannot
expect so-called spectral decomposition method from the Lasota—Yorke type inequality any longer.

We refer to [30] for similar arguments and some background.

1.1. Notation. Throughout the paper, all sets and functions mentioned are measurable and any
difference on null sets with respect to a measure under consideration is ignored. As usual, L'(X,\),
for a set X with measurable structure and a measure A\ over X, stands for the set of all A-integrable
functions over X where functions differing only on A-null sets are identified. For a measurable set A,
14 always denotes the indicator function on A.

Let {an}% 1, {bn}2; C R be positive sequences. The notation a, ~ b, is explained below (1.2).
For the notational convention, we further use a,, g by, equivalently b, < an, by meaning that there
exists a constant M > 0 independent of n € N such that a,, > Mb,, holds. a, =~ b, is used when

an Z by, and a,, $ by, hold.

1.2. Organization. The present paper is organized as follows. In §2, we give necessary preliminaries
and define random piecewise convex maps. §3 is devoted to our main result. We establish in Theorem
3.1 the existence of Lebesgue-equivalent, conservative and ergodic o-finite invariant measures for

random piecewise convex maps. Theorem 3.2 and Theorem 3.3 show the asymptotics of the invariant
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measures given in Theorem 3.1. We illustrate in §4 several examples of random piecewise convex

maps. §4 also provides some counterexample which possesses an infinite derivative.

2. THE MODEL OF RANDOM PIECEWISE CONVEX MAPS

In this section, we define random piecewise convex maps. Let X = [0,1] be the unit interval
equipped with the Lebesgue measure A over the Borel o-algebra B and let A and B be some parameter
regions with some measurable structure (usually they are subspaces of N or R). For each o € A and
B € B, we define non-singular maps Ty, g, i.e., )\(To:éN) = 0 whenever \(N)=0, on X by

T g = {m(w) wel0.3)
Sp(x) =€ (3,1]
where 7, : [0, %] — X and S3 : (%, 1] = X for @ € A and 8 € B are injective and continuous maps
with some conditions (see the conditions (0)—(2), (A) and (B) precisely). The standing assumption
on {7, : @ € A} and {Ss : 8 € B} is the following:
(0) Themap T : A x B x X = X; (o, 8,2) — Ty p(x) is measurable with respect to each variable.

Note that the above condition (0) is fulfilled if A and B are topological spaces endowed with their
Borel structures and the maps A > a — 7, and B 5 3 — Sp are continuous.

Our random dynamical systems are defined as random compositions of maps {T, 5 : o € A, 3 € B}
with the condition (0) in the annealed sense. In order to define our random dynamical systems, we
set probability measures 4 and vg on A and B, respectively. vg° denotes the infinite product of the
probability measure of v4 over AN. Then, for the family of maps {T, 5 : @ € A, 3 € B} and probability

measures v5 and v over the parameter spaces A and B, we consider the following transition function
P(oA)= [ La (Tapa) dvs(e)in(5) (21)
AxB

for each A € B and A-almost every z € X. By the condition (0) and non-singularity of each T,, g with
respect to A, it is straightforward to see that this transition function is null-preserving, i.e., A(N) =0
implies P(x, N) = 0 for A-almost every z € X. Thus, we can define the corresponding Markov operator

P:LY(X,\) — LY(X,)\) (ie., Pf >0 and |Pf|lzr = || fl|z: for each f € L'(X,\) non-negative) by

/ Pfd\ = / f-P(-, A)dA
A X
for each f € L'(X,)\) and A € B. The adjoint operator of P acting on L>(X,\) is denoted by P*

which is characterized by

/Pf«gd/\:/f~P*gd)\
X X
for each f € L*(X,\) and g € L=(X, \).

In order to make more precise assumptions on random piecewise convex maps, we introduce some
notations. As in the previous section (note that 7, is not necessarily the same as the LSV map T, 1
from §1), for a = (a1, a,...) € AV, let 2 =21 =1 and 2%, =71 0 - o7 (x¢) for n > 1. For

simplicity, let z§ = z¢ == 1 and set X2 := (z&,,,2%] for a« € AN and n > 0.



INVARIANT MEASURES FOR RANDOM PIECEWISE CONVEX MAPS 5
For considering the inverses by the right branch of x%’s as well, we need the following definition:
Definition 2.1. 7 is defined by a map from AN x B to N U {0} satisfying Ss(1) € X p)

We always assume that 7 is measurable as a standing hypothesis. Then, for « € A and 5 € B, let

o,
1

y1¥ =y :=1and yz‘_fl be the inverse of m?( 8)+n by the right branch of T, g, namely,

«,

yf:fl = Sgl (xﬁ(aﬁ)ﬂl) for n > 1.
We set Y,8 = (y, y2P] for n > 1 and Y = [1,1].
Throughout the paper we assume, together with the condition (0), that a family of maps {T, 3 :
a € A, B € B} satisfies the following conditions (piecewise convex property, see also Figure 1): for

vay-almost every a € A and vg-almost every 5 € B,

(1) 74 and Sg are C'-functions and Ss can be extended to a continuous function on Y (the extension
is also denoted by the same symbol Sg) with 7,(0) =0, 74(3) =1 and Sg(3) = 0;

(2) 7, and S}, are non-decreasing on (0, 3) and (3, 1), respectively, with 7/,(0) > 1, 7/ (z) > 1 for
z€(0,3), S,/@(%) >0 and Sj(z) >0 for z € (1,1), where 7/(0) and S/ﬁ(%) are taken as the right
derivatives.

By our assumptions (1) and (2), for vg°-almost every o = (ay,az,...) € AN and vp-almost every

B € B, we have Ta, s X = X, and TapY,y] = XS 5., for any n > 1 and Ty, gV =

(Tepy+1:98(1)] € XN, ), where ag € A is arbitrary.

Remark 2.1. (I) The phase space X is of course not necessarily [0, 1] but just needs to be a bounded
interval in R. Similarly, the choice of the discontinuous point % is just for simplicity, that is, we can
take an arbitrary ¢ € (0,1) instead of % so that 7, and Ss are defined on [0, ] and (c, 1] respectively.
Other similar generalizations, such as increasing the number of partitions to more than two or the
case when 7,’s are not surjective too, may be considered without big difficulty. For instance, if we
decompose X into {X;}7, with X; = [a;,a;41) with 0 = ap < a1 < a2 < --- < ap < apy1 = 1 for
some n > 2, where maps on X satisfy the conditions on 7, and maps on X; for i = 1,...,n satisfy
the conditions on Sg from (1) and (2), then the strongest contracting property in {X;}? , would
dominate the statistical laws of the random system.

(IT) In the condition (1), the assumption that 7, and Sz are C' can be relaxed to the following
condition: there are families of countable open subintervals {IL}, and {IF},, with the closure of
their union being X, such that, for v4-almost every o € A and vg-almost every § € B, 7, and Sy are
C* on IL and IE, respectively for each n. Hence some (but not all) examples from [30] are also in
sight of the present paper.

() In the above conditions (1) and (2), we do not exclude 7/,(0) = 1 nor Sj(3) = 0 for & € A and
B € B. Furthermore, we will consider a random map with the common indifferent fixed point and the
common flat point i.e., 7/,(0) = 1 and S’én)(%) =0 forany a € A, 8 € B and n > 1 (see Example 4.4
and 4.5).
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FIGURE 1. A graph of a possible T, g: in this case n(a, 8) = 1 where a = (o, v, . . . ).

Recall that for a Markov operator P, a measure p over (X, B) is called an absolutely continuous
(resp. equivalent) o-finite invariant measure if p is a o-finite measure which is absolutely continuous
(resp. equivalent) with respect to A and its Radon—Nikodym derivative Z—‘; is a (non-trivial) fixed
point of P. Note that by positivity of Markov operators the domain of any Markov operator can be
naturally extended to the set of non-negative and locally integrable functions and hence the definition
of absolutely continuous o-finite infinite invariant measures makes sense.

We then consider the following technical conditions on our random dynamical systems, which are

important in establishing the existence of equivalent o-finite invariant measures.

(A) ess sxpTé (3) < oo

aec

1
B / ———dvp (o) < oo.
®) [ bt
Obviously the condition (A) implies the condition (B).

Lemma 2.1. Under the assumption (0)—(2), the condition (B) implies the following: for any § > 0,
there exists No > 1 such that
yaﬁ _1
[ et @)duap) < b
ANxB TT T T3
Proof. Tt follows from (1) and (2) that y%fl — 3 — 0as N — oo for v°-almost every a € A" and
vg-almost every 8 € B. Then we have

yl — 1 ywl -4
lim Ljdu&"(a)dw(ﬁ):/ lim Ljdugo(a)dmg(b’)
A 2

(e o
N—oo Janyp T1 — T3 Nxp N—oo TT — X

=0
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from the Lebesgue dominated convergence theorem, which proves the lemma. ([l

In what follows, {T, g;va,vp : @ € A, B € B} denotes a random dynamical system given by the
transition function (2.1) with conditions (0)—(2) and is referred as a random piecewise convex map. In
the next section, we prove the existence and uniqueness of equivalent o-finite invariant measures for

random piecewise convex maps. Furthermore, we show the asymptotics of the invariant measures.

3. EQUIVALENT o-FINITE INVARIANT MEASURES

Before stating the main results in the paper, some basic definitions are listed. Let u be an absolutely
continuous measure with respect to A. Recall that an invariant set for a Markov operator P is a
measurable set ' € B with the property P*1g = 15 A-almost everywhere and P is called ergodic with
respect to p if each invariant set E satisfies either pu(E) = 0 or u(X \ E) = 0. P is called conservative
with respect to p if any function h supported on suppp with h > P*h satisfies h = P*h. Other
equivalent characterization of conservativity are found in [21, §3.1].

The following main theorem establishes the existence of Lebesgue-equivalent, conservative and

ergodic o-finite invariant measures for random piecewise convex maps defined in the previous section.

Theorem 3.1. Let {Typ;va,vp : o € A, f € B} be a random piecewise conver map satisfying
the conditions (0)—(2) and (B) in §2. Then, for the random piecewise convexr map, there exists a
conservative and ergodic o-finite invariant measure u which is equivalent to the Lebesgue measure \.

Moreover, the invariant density function of w, 3—’;, satisfies

(D) Z—’; restricted on (0, 1) is non-increasing A-almost everywhere, and

(U) for any 0 < e < %, there is a constant C = C(e) > 0 such that Z—’; < C, A-almost everywhere on
X\ [0,¢).

If we suppose (A) (and hence (B) is automatically fulfilled), then it also holds

L) there is a constant ¢ > 0 such that % > ¢, A-almost everywhere on X.
dx

Remark 3.1. (I) Since an equivalent o-finite measure in Theorem 3.1 is conservative and ergodic, it
is unique (up to a multiplicative constant) by [11, Theorem A in Chapter VI].

(IT) When we do not suppose the condition (A), there does no longer exist lower bound for %ﬁ,
namely the condition (L), in general. See Example 4.7 for a counterexample.

We further state two corollaries of Theorem 3.1 which tell us when the invariant measure becomes
an infinite measure. The first one deals with a specific case when A is a point set, from which we can

show the general case as in Theorem 3.3.

Theorem 3.2. Let {Ty p;va,vp : @ € A, B € B} be as in Theorem 3.1 and assume (A). Suppose
A = {a} is a singleton, and set X,, = X& and n(B) = n(a, B) where o = (a,v,...). Then the
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asymptotics of the invariant measure u given in Theorem 3.1 is of order

1(X) = (V) — 5) Ava(B) +va {8 € B m(B) = n}

/{6€B:W(5)<n}

for n large enough.

Remark 3.2. In Theorem 3.2, if Sg is surjective for vg-almost every 8 € B then by the definition of

7 we have 7(8) = 0 and the invariant measure y is of order

p ()~ [ (sl = 1) an(d).
Simultaneously, the second term vg{8 € B : n(8) > n} is negligible when essinfgep Sg(1) > 0 and
hence esssupgep 7(8) < 0o (e.g., when #B < c0).

When A is an uncountable set, the form of the invariant density is complicated in general. However,
combining Theorem 3.2 and the comparison theorem from [18], we can estimate the size of the o-
finite invariant measure p in Theorem 3.1 even when A is not a singleton, by reducing to the case of a
singleton. In order to clarify our statement, we need to introduce the following condition. A random
piecewise convex map {Tn g;va,vp : @ € A, § € B} is said to satisfy the condition (f) if there are

some ¢ € (0, ) and ay,as € A such that
vpa{a € A:74(0,€) C 7q,(0,¢) for any € € (0,¢)} =1 and
va{a € A:714(0,6) D 74,(0,¢) for any € € (0,¢)} > 0.
These conditions are of course equivalent to that
vp{a€eA:1qy <7, on (0,c)} =1 and
va{a€ A:1q > 74, on (0,¢)} > 0.

With some abuse of notation, for a fixed @ € A, {T5 ;v : 8 € B} denotes a random piecewise

convex map {T, ;va,vs : & € {&}, 8 € B} where vg is the Dirac measure on &.

Theorem 3.3. Let {T, g;va,vp : « € A, § € B} and p be as in Theorem 3.1 with the assumption
(A) and satisfy the condition (1) with some ay,as € A. Let p;’s be o-finite invariant measures for
random piecewise convex maps {To, g;vp : B € B} (i = 1,2) given in Theorem 3.2. Then there is a

constant M > 0 such that for any a and b with 0 < a <b < %
M~ ([a,8]) < p((a,b]) < Mps ([a,0]).

Consequently, if p1(X) = oo then u(X) = 0o, and if p2(X) < oo then u(X) < oo.

Remark 3.3. (I) In Theorem 3.3, o is chosen to be a parameter for which 7,, dominates any other

T for @ € A from above and as should be chosen in the way that 7,, is close to 7,, as much as possible

so that the inequality becomes sharper. For instance, see Example 4.2 for the choice of parameters.
(IT) If #A < oo and va () > 0 for all & € A, then one can have a3 = ay in Theorem 3.3. Similarly,

if there is a parameter o/ € A such that 7, < 7o/ on (0, ) for vs-almost every o € A and v ({o/}) > 0,
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then both a; and ap in Theorem 3.3 can be taken as o’. That is, the invariant measure p in Theorem

3.3 is of same order of ./, where o is the invariant measure for {T g;vg : 8 € B}.

Before proving Theorem 3.1, we recall the key tool, called the induced operator (or the first return
map in the sense of [17]), to construct an absolutely continuous o-finite invariant measure and we also
prepare lemmas.

As in the previous section, we let Y = [1,1] and recall (see also [12,29]) that the induced operator

(on Y) Py is defined by

Py =IyPY (Iy:P)" (3.1)

n=0

where Iy and Iy. are the restriction operators on Y (i.e., Iy f = 1y f for each measurable function
f) and Y€, respectively. The operator Py is a well-defined Markov operator over L!(X,\) since YV
is a P-sweep-out set with respect to A (see Lemma 4.7 in [29] precisely). The induced operator for a
Markov operator is a generalization of the induced map for a non-singular map.

For (o, B) € AN x B, £T§,"’B) denotes the Perron-Frobenius operator associated with the induced
(random) map T}(,a’ﬁ)gc = Tay © " O Ta,,, ©Spz where n(z) > 1 is the minimum number satisfying

Tay © " O Ta, ., @97 €Y (such n(z) exists for z € Y\ 1.

Lemma 3.1. The induced operator Py defined by the equation (3.1) satisfies

Pyf= . BETy,m fdvi®(a)dvs(B3)

for each f € LY (Y, \) with f =0 X-almost everywhere on Y°.

Proof. As in the equality (3.1), the induced operator on Y and its adjoint operator are defined by

Py =IyPY (IycP)" and Py=Y (P'Iy.)" (P'Iy).
n=0 n=0

On the other hand, by Proposition 4.1 (iv) of [17], Py14(z) equals to the transition function from x

into A which defines the induced map on Y of the original random map. O

We then prove the following key lemma.

Lemma 3.2. Suppose the condition (B). If f is non-negative, bounded and non-increasing on' Y and
satisfies f = 0 A-almost everywhere on Y, then so is Py f. Moreover, if || f|lr: < 1 then for any

d € (0,1) there is some positive constant K > 0 independent of f, such that for A-almost every x € Y,
Py f(z) <df(3) + K. (3.2)

Proof. We follow the proof of Proposition 5.1 in [15]. Let X2 := (% ,,2%] and Y, := (yg‘ﬁ,yﬁ’ﬁ]

3

as before. Then for each (a,3) € AN x B, the induced map T;,a’ﬁ) is piecewise convex such that

(c,8) _ . B 1 p(a,p) (e, 8) —
Ty lyes = Ta, 0+ 0 Ta, 4 © Splyes maps from Y17 onto [3, Ty (1)] C Y and Ty |Y7f"+'[f -

Ty © O Tp(a,8)4n © 55|Y:+'f maps from Ynaff onto Y for n > 1 by construction.
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If we set
L (@,8) B
oo { G Gy CF)
0 (otherwise)
and
a, 1
901(z+1ﬁ)(x) (Tf,a’ﬂ)) (T(aﬂ)|Y:ﬁ>—1 () (z € X)

for (o, B) € AN x B and n > 1, then (p%a’ﬁ) is non-increasing on Y for each (o, 3) € AN xB and n > 1.

Since for any non-negative and non-increasing function f on Y we have

Pyf= <Z<P(a’3 ( ,B)’YQB>

AN xB

-1

—1
+ ng ’B)f o (Ti(/ ’ﬂ)lylaﬁ) 1T}<,°L’l3>(y1a=ﬂ)>dVXO(a)dVIMﬁ)

from Lemma 3.1, Py f is also non-negative and non-increasing and the former part of the lemma is

proven.
Now from the convexity of T, g and the fact that SBYnCif = Xl p)4n a0d 7o, X7, = X7 for
n > 1, we can see that
M X asin) o
(a,8)+n AXE)
T! ws =S| as > T and T =7 > ——r 3.3
an(a,/3)+n7ﬂ‘Yn B B’Yn s = B\ (Ynci’[f) an,B Xg an | X — )\ (X;Ll+1) ( )

for any (o, )= ((a1,2,...),8) € AY x B and n > 1. Thus it follows from (3.3) that for any
(a,8) € AN xBandn > 1

, n(e,8)+n—1
7leB) _ . H T
( Y v Ay, B)+n:B Y8 P Ap(a,B)+n—k>P Xo(c,B)+n—k
n =
o Tan(a,ﬂ){»nfk{»lng 0--0 TO‘n(a,B)«Fn,fl’ﬁ

A(X™)

a,B

T (Yn +1)

Then it holds for each N > 1 that

af —ag
By Lemma 2.1, for any fixed 0 < § < 1 there exists Ny > 1 such that we have

oo

[ ol () i) < 5
X N,

n=INg
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Since any non-increasing density function on Y cannot exceed (z — 1)~! (see also [22, Step III in

Proof of Theorem 4]), it holds that, for any non-negative, bounded and non-increasing function f on
Y with || f]lzr <1,

Py f(z) < Py f(3)

/AW<Z P (1) f (ym) Z ple?) (1) f (y;jfl)> dvg () dvs ()

n NO
No—1 w(aﬁ) (%> ;

<sf )+ [ Y P @)dn(s)
(.8)
for A-almost every = € Y. Therefore, putting K = [, 5 ZNO ! Zaﬂi()dyA (a)dvg(B) < oo, we
o1
have obtained the inequality (3.2). O

We now emphasize that the left branches 7,’s map points surjectively onto [0, 1]. This together with
the condition (B) guarantees that an invariant density for the induced operator Py is fully supported
on Y as well as bounded above. Furthermore, (A) ensures the invariant density to be bounded away

from zero on Y. Henceforth A|y denotes the measure \ restricted on Y.

Lemma 3.3. Under the assumption (B), the induced operator Py is ergodic with respect to the
Lebesque measure A and admits a unique M|y -equivalent invariant probability measure whose density
is non-increasing and bounded above on'Y. Moreover, if we assume (A) then the density function is

bounded away from zero on'Y .

Proof. First of all, ergodicity follows from the following argument. For each (a, 3) € AN x B, the map
Tx(,a’ﬂ ) satisfies the conditions in [15, Proposition 5.1] and is ergodic (or moreover exact) with respect

to Aly. If D is an invariant set for Py, then
Pilp = / 1p o TS dui® (o) dvg(B8) = 1p.
AN xB

Thus D is a T}(,a’ﬁ )invariant set for v§° x vg-almost everywhere. Now it is straightforward to see that
D =0or X (mod \) since each T)(,a’ﬁ) is ergodic.

From Lemma 3.2, Ply is non-increasing for n > 0 and we apply (3.2) repeatedly to get for any
fixed 6 € (0,1) and for x € Y

PPly(z) < 6Py 'y (3) + K <8°Py 1y (3) + 0K+ K
and so on. Eventually, we have for n > 1

K
P o+ —— A4
viy < + 1 —5 (3 )
that is, P21y is bounded above by Cy = 1+ K(1 — §)~! < oo for any n > 1. Therefore, by

[29, Theorem 3.1 and Proposition 3.9], the limiting point

n—1 n—1

1 1 1
ho = Sy Jim, ZPyly =2 h_)n;onPyly
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exists and is an invariant density of Py, which is conservative and ergodic implying uniqueness of the
invariant density.

We then show this hg satisfies the conditions in the statement of the lemma. From Lemma 3.2 and
(3.4), hg is non-increasing and bounded above by C; := 2Cy on Y. For the lower bound, notice that

from the fact that PJ1y is non-increasing and the above inequality (3.4)
Pyly > 1
on [3, 1+ C%] for n > 1 so that by the definition of hqg,

ho>2 on {1 l+cﬂ. (3.5)

272
On the other hand, it follows from the Lebsgue dominated convergence theorem (see also the proof

to Lemma 2.1), we get Ny > 2 such that

(e o0 1
[ (o - 1) dv(@pin(s) < &
ANXB 1
We define
N " s 11 1
FE = (a,,B)EA x B : UYn C §’§+6 .
1

TL:N()
Then since it holds that

1 o)
y%;ﬁ - 5 =A < U Ynaﬁ) ’
TL:N()
we have vg° x vg(E) > 0. Combining (3.5) with the above argument, we have

o0
ho > 2 Z lyap forany (a, ) € E.
’I’L:Ng

Thus, taking ,, defined in the proof to Lemma 3.2 into account, we have by Lemma 3.1

ho = Pyho = / LT(a,ﬁ) hodVKo(a)dVB(ﬂ)
ANxB Y

> 2L/n jz: Ejégﬁ)1yﬁaﬁ)dygo(00dym(ﬁ)
5 ,

n:NO
2 [ Y e Pav(@)dva(s)
ETLZNO

on Y since T}(,Q’B) |y (a8 is surjective for each n > 2. The conditions (1) and (2) imply that

Calz) =2 [E S @) (@) dug () dws(8) > 0

n=Ny
Aly-almost every x € Y. Therefore, we conclude C; > hg(z) > Co(x) on Y. Moreover, if we assume

(A) then essinf,cy Ca(z) > 0. The proof is completed. O

Proof of Theorem 3.1. The well-known formula of invariant measures via the induced operators (see

Proposition 4.14 in [29] for example) shows that

oo

h= (IyeP)"hg =ho+ Iye »_(PIy:)"Phy.
n=0

n=0
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gives an invariant density function of an absolutely continuous o-finite invariant measure p for P
where hg is the invariant density of Py obtained in Lemma 3.3. Then it follows from the fact that hg

is supported on Y that
h=ho+ / S Iyele,, Ly, Lsyhodvi®(ao,an,. .. )dvs(B). (3.6)
ANXB

Since 7, for each a € A is surjective and the support of hg is Y up to A-measure zero sets, h is
evidently fully supported on X and thus the invariant measure is equivalent to A. Now that hg is
non-increasing and so is (Ply<)™ho for n > 0 from the similar argument of the proof to Lemma 3.2
together with the assumption (2), we have (D). Then (U) follows from (D) and the fact that p is
o-finite.

If we assume (A), then we have C~'1y < hy < Cly for some C > 1 by Lemma 3.3. Or equivalently,
for each v € AN and B € B

o0 o0
=1
CT D lyen Sho < C R Tyes.
n=1 n=1

Note that for the bound above (or the desired consequence (U)), we only need the condition (B).
We first observe that for n > 2 and g € B,

Lygo © Sl A (ved) 1
S/ °© Sﬁ|ya s A (Xn(a,6)+n) Xn(a,8)4n—17

A(ved)
A (Xn(ap)+n-2)
by the convexity of S3. Hence, taking it into account that

and

Lr, 5 lyes

v

Lr, Y“B Xn(a,8)+n—1

U xgcseyve | x
n=n(a,B)+1 n=n(a,B)

for each o € AN we have

A
Pho /,CT 5hOdV]B <C/
n= 1>\(
Y"ﬁ)
Phy > C~ /
n= 2)\

where we define X§ := Y. Note that for eachn > 2, 75 =74, _, ., 07a, .20 0Ta, |xe : X§ — X |

()

dvg(B), and (3.7)
n(a7ﬂ)+n)

X sy tn—1

dvs(B) (3.8)

1
X e, 8)4n—1

o,B)+n— 2)

is convex for 1 < k <n — 1 where a = (a1, 2, ...). Thus we have

M) A (X5
——~1xae < lxa < —/————1x= .
Y E I e R XE SR .
for 1 <k <n-—2and
1 A(e) A (X5
(1) A N S S gy e .
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Note that h — hg is supported on Y° = (77, X (mod A) for any o € AN, where h is a P-invariant
locally integrable function given in (3.6). Then by combining the inequality (3.7) and (3.8) with (3.9)
and (3.10), it also follows from IYCﬁTalx;x = 0 for any a € A that for each N >1

00 n(e,B)+n—2 A (Yn‘ﬁf)

cwsef 20T

n=14+00, n(a,B) k=0 A (X (a,B)+n—k

B)+n—2 1 A(Yf_’ﬁ)
h—ho>C"~ /ANXBHZQ Z T&(%)d(xa !

n(a,,B)Jrnfkfl)

) 1X¢nx(aﬁ>+n_k_ldyj‘§°(a)dVB(B), and

Ixe oo v (@)dvs(B)

where 6 y(a,p) is the Dirac delta function. Here n for the summand of the upper bound for h — hg

runs from 1+ dg y(a,p) in order that the union of X;‘(a’ﬁ)Jrnfkfl’s coincides with Y¢. Comparing the
coeflicients of 1x, above, we have

0 A(ved)

h—hyg<C >y (X))

AYXB =1 n>1430, (a8 m+1)
n(e,f)+n>m+1

Lxadvi®(a)dvg(B), and

1A (vd
h—hy>C~ / Z > ) : Lxadvg®(a)dvs(B).
AXB

=0 T (3) AR

n(e,B)+n>m
For fixed m > 1, we have that
a,pB a,p B
A (Y"‘l) _ i A (Y"—1> _ y;ax{l,mfn(a,ﬁ)fl} -3
A (X) AX) A X) '
n>2 n=max{2,m—n(c,B)}
n(a,B)+n>m
Note that
o, _ 1 if 77(0‘75)+2 > m,
Ymax(Lm-n(@f)=1} = | 971 (25 _,) i m > 2+ (e, ).
If n(ex, B) +2 > m then
B3
5 A (Yna—1> S S
2 AXm)  nxm) 2
n(a,B)+n>m

and if m > n(a, B) + 2 then

2 X)) A (X2)

n>2
n(c,B)+n>m

> > 1
T 2(xg -2l ) T 228 T2
again from the convexity of Sg. Under the assumption (A), we also have a lower bound 55 for h.
Therefore, we conclude h is bounded above on the complement of each small neighborhood of 0 and,

under the assumption (A), bounded away from zero on X as well.
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The conservativity of p follows from [29, Remark 12] and ergodicity follows from Lemma 3.3 and

[30, Proposition 2.1]. O

Proof of Theorem 3.2. In this proof, since A is a singleton, we write X,, and Y,? instead of X& and

Y, %P, As shown in the proof of Theorem 3.1, the invariant density function of u satisfies

h—h0<C’/Bi > A(Y’ﬂl)umduﬁ(ﬁ), and

X
m=1 n>1+380. () )‘( m-‘rl)
n(B)+n>m+1

hehesot [ 4 <Yffl) d
—no = /IBmz_:l 7; mlxm VIB%(B)
n(B)+n>m

for some C' > 0. Therefore, integrating the above inequalities over X,,, for m > 1 large enough, we
have

X2 [ AL (o)

n>2
n(B)+n=>m

>

~

s —1)4 B: .
/{BGB:n(ﬁkm} (ym—”(ﬁ> 2) ve(B) +ve{f € B:n(B) = m}

The upper estimate of asymptotics of p(X,,) is almost same and omitted. The proof is completed. [

Proof of Theorem 3.3. Since the density functions of p, pup and ps restricted on Y are all bounded
above and away from zero, the assumptions of comparison theorems (Theorem 6.2 and Theorem 6.5)

in [18] are fulfilled. O

4. EXAMPLES

In this section, we apply our result to several random piecewise convex maps.

4.1. Random piecewise linear maps with low slopes. Let B C N and pg := vg({8}) a point
mass on B. We define for § € B

e vef0.4],
Tﬁx_{2—ﬂ(2x—1) ze (L1]. (4.1)

This obviously satisfies (0)—(2) and (A). Note that the left branch of Tgx = 2z does not vary at all,

and A is interpreted as a singleton. By the definition of T3, x,, = £ and X,, = (2,1%, 2%] for n > 1.

27].
Thus we have n(8) = 8 and

s 1 1
yn+1 - 5 + 27l+1 .

Then we can apply Theorem 3.1 and Theorem 3.2 to get
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Proposition 4.1. The random piecewise convex map given by (4.1) admits a A-equivalent, conserva-
tive and ergodic o-finite invariant measure p such that
Y enpn 208
1 1 ~ BEB:B<n
p((mm ] » =5 ——+ > P
BEB:B>n

for n large enough.

Remark 4.1. By the above proposition, for example, when B = {[k"] : n > 1} and pn) = 27" for
some k > 2, p is infinite if & > 2, where [-] denotes its integer part. Indeed, in this setting, we can
write

" ((2n1+1’2%]) ~ 9T Z 2[1@5]275 + Z 9

1<s<log, n s>log, n

n—l

Qv

and this shows the desired conclusion.

4.2. Random weakly expanding map with positive derivative. We first note that this example
contains random LSV maps. Let A = [ag, ;] for some 0 < ap < a3 < co and B be some parameter
space. We set probability measures v, and v on the parameter spaces A and B respectively. For
a € A and B € B, we define

T g = {x (1+2%*) z€l0,1], (42)

Sgx v e (3,1]

where we assume the conditions (0)—(2). The condition (A) holds since a; < co. Suppose further that
there exists v > 0 such that for vg-almost every 8 € B it holds Spz > . This implies esssupg 7(3) <
0o. Moreover, since y(z—3) < T|(%’1] < 2(xz— 1) by the convexity of Sg, for each o = (o, v,...) € AN

we have

T

Y

for large n > 1. According to the asymptotic approximation (1.2), we have

o
oz o,

B SYnt1— 5 <

DN | =

B8 1 1
yz‘ﬂ—imn o

for each o = (o, cv,...) € A¥ and 8 € B. Note that if & > « then T, g(z) > T5 g(z) for any z € [0, 1]
and 8 € B. Then applying Theorem 3.3 to this model, we have the following.
Proposition 4.2. The random piecewise convex map derived from (4.2) admits a A-equivalent, conser-

vative and ergodic o-finite invariant measure p such that for any o/ € A with vy{a € A: o/ > a} >0

1

n- o0 S p(X5°) and p (X,?/) = n-w
for n large enough, where oy = (o, v, ... ) and &’ = (/,a/,...).

As consequences of Proposition 4.2, p([0,1]) = oo if ag > 1. Also if there is some o’ € [ag, 1) such

that va{a € A: o/ > a} > 0 then p([0,1]) < co.
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4.3. Random weakly expanding maps with uniformly contracting branches. Let A = [ag, o]
for some 0 < g < a3 < o0 and B = [0,1]. We set probability measures v, and vg on the parameter
spaces A and B respectively. For a € A and 8 € B, we define
T {a:(l—i—QO‘x’l) ze| , (4.3)
Blz—3z) we(z1].
Then (0)-(2) and (A) are satisfied. If we set Bi(c) := {3 € B: n(c,8) = k} for a = (o, @, ...) € AN,
then B = (J; | By () (disjoint) for each o € AN. For 8 € By (), by (1.1), we have

=)
—_ N
il

bl

N[

wp 1 (n+k)a

1
1 n- o
a.p
Yni1 5 3 and y,

—ned)+1 " 3 ¥ Ty
Hence, Theorem 3.2 ensures a random piecewise convex map {Tn g;vg : 5 € B}, where a € A is fixed

with @ = (@, a,...) € A, to have an invariant measure i, such that

n—1 1
n o«
Vo () kz—:l/{ﬁrn(ﬁkn}mmak(a) B ve(B) +ve {8 n(B) > n}

1 1 N
P d Y /Wm Fa(0)+ 3 s (Bul)

for n large enough. Thus we have

Proposition 4.3. The random piecewise convex map derived from (4.3) admits a A-equivalent, conser-
vative and ergodic o-finite invariant measure p such that for any o/ € A with vy{a € A: o/ > a} >0

n—1
_ 1
n <o E /
k=1"B

| 53+ 3 vs (Bulaw) S p(X5®)  and

k(o

k=n
. n—1 1 00
(X ) g0t S [ e+ Y va (Bula)
o1 B B k=n
for n large enough, where oy = (o, v, ... ) and &’ = (a/,a/,...).
Remark 4.2. As an example, let v4 be the normalized Lebesgue measure on A = [%,2] (that is,

op = %, a; = 2 and o’ can be taken an arbitrary number in (ag,a1]) and dvg(B) = (1 — £)3~* on
B = [0, 1] for some ¢ € (0,1). Then Proposition 4.3 tells us that x([0,1]) = oo if £ > %. Indeed, for
each a = (o, v, ...) where a € (%,2], since supg, , | (o) 8 = infy, (o) B for k > 1 and supg, (o) 8 = 1,

we have

Q=

= 1 1 1—¢
o —dvg(B) =n" ——dp
kz::l /Bk(a) B g BT

inf, (o)

Q

n-a sup Bf—1
ﬂeBn(a)
1—4
n_ o

~
~



18 T. INOUE AND H. TOYOKAWA

and

- 1—¢ : 1—¢
2. Z/W i = Z( AV Y )

k=n BEB ()

BEB, (o)
1—¢
N«
for large n. Here we used that any point 8 in By (a) can be approximated by
(1) SBSk™

asymptotically. Then, since we can choose a arbitrary close to , the claim follows.

4.4. Random weakly expanding maps with a critical point. Let A C (0,+00) and B C (1, +00)
be compact sets and v4 and v be probability measures on A and B, respectively. We let o := miny a.
For a € A and § € B, define

14 2% €
Taﬂw:{x( %) x
T €

[0:3],
9B (mf%)ﬁ 1 (4.4)

X X nLY

0 eee XsXzX3 Xy X} oee YsYaY3Y2 N

FIGURE 2. The graph of T, g from (4.4)

Note that T, g has an indifferent fixed point at 0 for each oo € A and 8 € B. T, g also has derivative
0 at %, around an inverse image of the indifferent fixed point, for any o > 0 and S > 1 (see also Figure
2). According to the asymptotic equation (1.2) we have

1 1
a,p ~ 1" 2B
yn+1 §~n 8.,

Then applying Theorem 3.3 to this model, since n(c, 3) = 0 for each a € AN and 3 € B, we have the

following.
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Proposition 4.4. The random piecewise convex map derived from (4.4) admits a A-equivalent, conser-
vative and ergodic o-finite invariant measure p such that for any o' € A with va{a € A:a’ <a} >0

[ an@ sute) od p(x2) 5 [0 Fane)
B

B
for n large enough.

Remark 4.3. (I) From Proposition 4.4, if vg {8 € B : a8 > 1} > 0 then u([0,1]) = oo and if o/ <
(maxp 3)~! =1 for some o’ € A then p([0,1]) < co. We remark that the invariant measure of (4.4)
tends to become infinite rather than that of (4.2).

(IT) [8, Theorem 1.1] showed that an upper bound for the invariant density

@) gamirah)

holds for the deterministic map (4.4) with a fixed parameter such that 1 < # < £ (and hence only finite
invariant measures are dealt with in [8]). This also implies that pu(Xg) < n~a7 . Thus Proposition 4.4
is a random generalization of [8] (note that our result can admit parameter g > é) as well as showing

lower bound of p for large n > 1.

4.5. Random weakly expanding maps with a flat point. Let A C (0, 4+0c) and B C [1, +o0)’
compact sets and v and v be probability measures on A and B, respectively. For o € A and g € B,
define

Tagx:

)

{x(1—|—20‘x°‘) z € [0, %] , (45)

-B
exp (27~ (2= 3)77) we (51,
Then we can see that %, the inverse image of 0, is a flat point in the sense that Ténﬁ)(%) = 0 for any
a >0 and § > 1. Using the same notation, we have

o 1 1
yn-,i-ﬁl - 5 ~ (log n) p

for large n > 1. We can again apply Theorem 3.3 to this model.

Proposition 4.5. The random piecewise conver map derived from (4.5) admits a \-equivalent, con-

servative and ergodic o-finite invariant measure p such that for any a = (o, ,...) € A
_1
n(X2) ~ [ (logn) ™ ds(9)
B

for n large enough. Consequently, we always have u([0,1]) = oo for any A, B, vy and vg.

Remark 4.4. We remark that even a modification of @ — 0 leaves no space for p to be finite. That
is, if A = {0} (so we drop a symbol a henceforth in this remark) and v, is a point mass on A then
Tgx = 2z for = € [0,1] and yf_H - iR n~7. This means that W Xn) =[5 niédVB(lB) and we still

always have ([0, 1]) = oo because ming 3 > 1.

1t B < 1, then the convex property of Sg may be violated.
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4.6. Random weakly expanding maps with a wide entrance. Our example is defined as follows,
which is similar to the examples (4.1) and (4.4). Let A = [0, 1] for some 0 < 1 < o0 and B = [1, +00)
and v, and v be probability measures on A and B, respectively. For o € A and S € B, define

14299 ¢ ,
Tyz = z(1+2%2%) @ ) (4.6)
(x-3)" we(31]
2 20+
From the definition 7j3(1) = 277 and hence the image of the right half part (1

tends to infinity. Again, let By(a) = {8 € B : n(e, ) = k} and B = |J,—, Bx(ax) (disjoint) for each
a=(oaq,...) e AN

—
=)
—_ NI

1] will vanish as g

We consider two cases of a« = 0 and a > 0, and we first observe when a = 0 which gives a lower
bound for the invariant measure for the random piecewise convex map given by (4.6). In this case, it

is straightforward to see that for each 8 € B (0)

0 _ 9—n 0,8 1 _ -tk
Ty =2 and y,\ 1 —5=2""7

with notation 0 = (0,0,...) € AN. We also have B;(0) = [k,k + 1) for k£ > 1. Thus the invariant

measure po for a random piecewise convex map {7y ;v : § € B} satisfies that

po (XD =Y [ (1% ) ds(3)+ Y n (B (0)
% (0 k=n

k=1

n—1 "
=S [ Ban() e (noo)

k=1 [k,k+1)

_ / 9~ 5 dus(8) + v ([n, %))
[1,n)

for large n by Theorem 3.2.
We secondly consider the case when « > 0 which is in need for an upper bound for the invariant

measure. Then for each a = (o, ,...) € AN and 3 € By (a) we have

~ (n+ k)_%f*

DN | =

B
ygﬂ -

as n — oo. Then the invariant measure pio for the random piecewise convex map {Ty, g;vg : 5 € B}

satisfies that
n—1 L [e’e)
ha (X2~ [ ) Y (@)
k=17 Br(a k=n

~ / n~ a7 dug(B) + > s (Bi(a)
[175UPBn71(a) 5) k=n

From these observations, we have the following.
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Proposition 4.6. The random piecewise convex map derived from (4.6) admits a A-equivalent, conser-

vative and ergodic o-finite invariant measure p such that for any o' € A with va{a € A:a’ <a} >0

/[1 | 2~ B dvs(8) + v ([n,00)) S 1 (X0)  and

N(Xﬁ") é/ n” %7 dug(B) + ve <[ inf @OO))
[Linfy (o) B) B, (a)

for n large enough, where 0 = (0,0,...) € AN and o/ = (o/,/,...) € AN,

Remark 4.5. As an example of this proposition, if dvg(B8) = (¢ — 1)3~*dB for some ¢ > 1 on
B = [1,400) then the invariant measure y is infinite when ¢ < 2, independent of the choice of v4. The
calculation is similar as in Remark 4.2: To see this, we need to show the lower bound in Proposition

4.6 is proportional to or greater than n=!.

“5d - (—1)p~"d Te-1ptd
/Mz va(8) + vs (In, >2/ 1)8 ﬂ+/( 1)5-4dp

1 n

—9n (1 ) p =1

and our conclusion is valid.

4.7. Counterexample with infinite derivative. We finally show an example which does not satisfy
(A) in Theorem 3.1. The example below still admits an equivalent o-finite invariant measure but the
density function of the invariant measure is no longer bounded away from zero.
Let B be a parameter space and v be a probability measure on B. For 5 € B, define
e {7V )
Sp (3.1]
where Sg’s satisfy (0)—(2). Note that (A) does not hold, while (B) holds. We then assume that there

(4.7)

is some & € (0,1) such that for vg-almost every 5 € B, Sg(1) < 1 — & holds.
Since (4.7) satisfies (B), there is an equivalent o-finite invariant measure y for this random piecewise

convex map. Then we have for any 0 < e < K

p =)= [ (0 —e)) dus(®) = ([557.4])

Since @ < Cyon| _”2,1] for some C; > 0,

2
o) = 5

If Z—’; were bounded away from zero on Y, then we also have

p(l—e1]) = Coe

2C5
[

arbitrary small. Therefore, we conclude that %(z) —0asz — 1.

for some Cy > 0. However this implies € > which is contradiction since £ > 0 can be taken
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