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Summary

In this paper, rigorous two-dimensional full-vectorial finite difference time domain
(2D-FVFDTD) method is developed for an efficient analysis of non-radiative dielec-
tric waveguide (NRD guide) devices with three-dimensional structure. Convolutional
perfectly matched layer (CPML) is employed as an absorbing boundary condition.
Furthermore, we have established a rigorous formulation for estimating the modal
power of each LSM01 and LSE01 mode. We confirmed the validity of the proposed
method through the analysis of NRD crossing and T-branch guide devices. Excellent
accuracy is achieved by the cross comparison of 2D-FVFDTD results with recently
developed 2D-FVFEM.
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1 INTRODUCTION

Millimeter waves or higher frequency electromagnetic waves attract a lot of attention for increasing communication capacity
in 5G and beyond 5G. Non-radiative dielectric waveguide (NRD guide) is one of promising platforms of compact millimeter-
wave circuits thanks to its non-radiative nature1. Although basic components based on NRD guide have been studied so
far1,2,3,4,5,6,7,8,9,10,11,12,13 advanced design of NRD devices using computer simulation based optimization techniques is desired
to extremely enhance the performance of NRD circuits. To achieve efficient optimal design, high efficient numerical simulation
techniques are indispensable.

Various kinds of electromagnetic simulation techniques have been developed so far. Among them, the finite element method
(FEM)14,15,16 and the finite-difference time-domain (FDTD)17 method are probably most popular ones. Recently, we have devel-
oped two-dimensional full vectorial finite element method (2D-FVFEM)18, which can efficiently analyze NRD guide devices
without sacrificing numerical accuracy. The 2D-FVFEM has been successfully utilized for several optimal design of NRD guide
devices including dielectric and magnetic materials19,20,21,22,23,24,25. On the other hand, time-domain simulation method is use-
ful for analyzing broadband device properties. The 2D-FVFEM can be extended into a time domain analysis 2D-FV-FETD, but
it could be more challenging as compared to 2D-FVFDTD. The FDTD scheme is explicit, whereas the 2D-FV-FETD scheme is
implicit and requires a long computational time to solve the linear equations. The conventional 2D-FDTD solves only three field
components in a two-dimensional waveguide or parallel plate dielectric waveguide with TE wave. It cannot be applied directly
to the analysis of hybrid modes LSM01 and LSE01 in NRD guide. As a result, 3D-FDTD is widely used, but it requires a signif-
icant amount of computational time and simulation resources. Two-dimensional full vectorial FDTD (2D-FVFDTD), has been
developed considering out-of-plane oscillation in 1990’s26,27. In recent years, few 2D-FDTD methods for various applications
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FIGURE 1 FDTD analysis of NRD guide device. (a) an image of NRD guide and supported modes, and (b) Yee lattice used
in FDTD method.

have been proposed in the literature28,29,30,31,32. However, the applications of 2D-FVFDTD have been limited to the analysis of
rectangular waveguides in microwave band so far.

Therefore, we develop 2D-FVFDTD method which can rigorously treat NRD guide structures with finite height. In terms of
application, our 2D-FVFDTD method is developed for the analysis of millimeter-wave circuits based on NRD guides. From an
algorithmic viewpoint, the proposed method can solve all six field components to treat hybrid modes, such as LSM01 and LSE01
modes where conventional 2D-FDTD fails to deal with these modes. We use analytic relation to the perpendicular direction
of the parallel plates to reduce the spatial dimension to 2D. The forward and backward propagation in all three directions can
be considered in our 2D-FVFDTD method. In our formulation, convolutional perfectly matched layer (CPML)33 boundary
condition developed in 2000’s is employed. Furthermore, we establish a rigorous formulation for estimating the modal power of
LSM01 and LSE01 modes contained in arbitrary propagation fields, which is validated by comparing the results of the proposed
2D-FVFDTD with recently developed 2D-FVFEM18. The accuracy of 2D-FVFEM has been verified by 3D- FVFEM18,19,20,21. In
this method, the variations of electromagnetic fields are separated into parallel and vertical directions to metal plates and FDTD
discretization is applied only to the field variation in the parallel direction. This approach can greatly reduce a computational
effort because 3D analysis is not required without sacrificing rigorousness. This method can be used in 5G and beyond 5G to
design the NRD waveguide devices with a similar structure in the THz band, but caution is required where conductor loss cannot
be ignored. The validity of our approach is confirmed through numerical examples of crossing and T-branch NRD guides.

2 FDTD FORMULATION FOR NRD GUIDE DEVICES

2.1 Basic equation and FDTD discretization
We consider an NRD guide which supports two non-radiative modes of LSM01 and LSE01

18, and propose 2D formulation of
FDTD using Yee lattice, as shown in Fig. 1.

In NRD guide devices with no structural variation along the 𝑧-direction between parallel plates, the dependence of electric
and magnetic fields on 𝑧 can be expressed as follows:

𝐸𝑥, 𝐸𝑦,𝐻𝑧 ∝ sin
(𝜋
𝑎
𝑧
)
, 𝐻𝑥,𝐻𝑦, 𝐸𝑧 ∝ cos

(𝜋
𝑎
𝑧
)
. (1)
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Then, Maxwell’s equations can be written as follows:
𝜕𝜙𝑧
𝜕𝑦

+ 𝑠
(𝜋
𝑎

)
𝜙𝑦 = 𝑠𝑞

𝜕𝜓𝑥
𝜕𝜏

(×𝑓 (𝑧)) (2)

−𝑠
(𝜋
𝑎

)
𝜙𝑥 −

𝜕𝜙𝑧
𝜕𝑥

= 𝑠𝑞
𝜕𝜓𝑦
𝜕𝜏

(×𝑓 (𝑧)) (3)

𝜕𝜙𝑦
𝜕𝑥

−
𝜕𝜙𝑥
𝜕𝑦

= 𝑠𝑞
𝜕𝜓𝑧
𝜕𝜏

(×𝑔(𝑧)) (4)

where 𝜏 = 𝑐𝑡, 𝑠, 𝑞, 𝜙𝜉 , and 𝜓𝜉 (𝜉 = 𝑥, 𝑦, 𝑧) are defined as follows:

𝑠 = −1 𝑞 = 1 𝜙𝜉 =
√
𝜀0�̃�𝜉 𝜓𝜉 =

√
𝜇0�̃�𝜉 𝑓 (𝑧) = cos(𝜋𝑧∕𝑎), 𝑔(𝑧) = sin(𝜋𝑧∕𝑎) for Faraday’s law, (5)

𝑠 = 1 𝑞 = 𝜀𝑟 𝜙𝜉 =
√
𝜇0�̃�𝑤 𝜓𝜉 =

√
𝜀0�̃�𝜉 𝑓 (𝑧) = sin(𝜋𝑧∕𝑎), 𝑔(𝑧) = cos(𝜋𝑧∕𝑎) for Ampére’s law. (6)

In this formulation, 𝜙𝜉 and 𝜓𝜉 do not depend on 𝑧, then, rigorous two-dimensional analysis becomes possible for NRD guide
devices.

After discretization using Yee lattice, we can get the following FDTD update equations:

𝜓 (𝑛3)
𝑥,𝑖2,𝑗1

= 𝜓 (𝑛1)
𝑥,𝑖2,𝑗1

+ 𝑠Δ𝜏
𝑞𝑖2,𝑗1

(
𝜕𝜙(𝑛2)

𝑧

𝜕𝑦
+
𝜅𝑧
𝑠
𝜙(𝑛2)
𝑦

)
(7)

𝜕𝜙(𝑛2)
𝑧

𝜕𝑦
=
𝜙(𝑛2)
𝑧,𝑖2,𝑗2

− 𝜙(𝑛2)
𝑧,𝑖2,𝑗0

Δ𝑦
, 𝜙(𝑛2)

𝑦 = 𝜙(𝑛2)
𝑦,𝑖2,𝑗1

𝜓 (𝑛3)
𝑦,𝑖1,𝑗2

= 𝜓 (𝑛1)
𝑦,𝑖1,𝑗2

+ 𝑠Δ𝜏
𝑞𝑖1,𝑗2

(
−
𝜅𝑧
𝑠
𝜙(𝑛2)
𝑥 −

𝜕𝜙(𝑛2)
𝑧

𝜕𝑥

)
(8)

𝜙(𝑛2)
𝑥 = 𝜙(𝑛2)

𝑥,𝑖1,𝑗2
,
𝜕𝜙(𝑛2)

𝑧

𝜕𝑥
=
𝜙(𝑛2)
𝑧,𝑖2,𝑗2

− 𝜙(𝑛2)
𝑧,𝑖0,𝑗2

Δ𝑥

𝜓 (𝑛3)
𝑧,𝑖1,𝑗1

= 𝜓 (𝑛1)
𝑧,𝑖1,𝑗1

+ 𝑠Δ𝜏
𝑞𝑖1,𝑗1

(
𝜕𝜙(𝑛2)

𝑦

𝜕𝑥
−
𝜕𝜙(𝑛2)

𝑥

𝜕𝑦

)
(9)

𝜕𝜙(𝑛2)
𝑦

𝜕𝑥
=
𝜙(𝑛2)
𝑧,𝑖2,𝑗1

− 𝜙(𝑛2)
𝑧,𝑖0,𝑗1

Δ𝑥
,
𝜕𝜙(𝑛2)

𝑥

𝜕𝑦
=
𝜙(𝑛2)
𝑧,𝑖1,𝑗2

− 𝜙(𝑛2)
𝑧,𝑖1,𝑗0

Δ𝑥
where 𝜅𝑧 = 𝜋∕𝑎, and 𝑛𝑙, 𝑖𝑙, and 𝑗𝑙 are respectively defined as: 𝑚𝑙 = 𝑚 + (𝑙 − 1)∕2 for Faraday’s law, and 𝑚𝑙 = 𝑚 + 𝑙∕2 for
Ampére’s law, where 𝑚 = 𝑛, 𝑖, 𝑗.

2.2 Convolutional Perfectly Matched Layer (CPML)
When using CPML33, stretching coefficients of the stretched coordinate PML, 𝑠𝜉 (𝜉 = 𝑥, 𝑦, 𝑧) are expressed as follows:

𝑠𝜉 = 𝑘𝜉 +
𝜎𝜉

𝛼𝜉 + 𝑗𝜔
. (10)

In the actual implementation, the frequency dependence of the stretching coefficients and relative permittivities are treated by
using convolution integral. The final form of update equations of FDTD with CPML is expressed as follows:

𝜓 (𝑛3)
𝑥,𝑖2,𝑗1

= 𝐶𝑎𝑥𝜓
(𝑛1)
𝑥,𝑖2,𝑗1

+ 𝐶𝑏𝑥
𝑠Δ𝜏
𝑞𝑖2,𝑗1

×

(
1
𝑘𝑦

𝜕𝜙(𝑛2)
𝑧

𝜕𝑦
+ 1
𝑘𝑧

𝜅𝑧
𝑠
𝜙(𝑛2)
𝑦 + Φ(𝑛2)

𝑦,𝑧 − Φ(𝑛2)
𝑧,𝑦

)
(11)

𝜓 (𝑛3)
𝑦,𝑖1,𝑗2

= 𝐶𝑎𝑦𝜓
(𝑛1)
𝑦,𝑖1,𝑗2

+ 𝐶𝑏𝑦
𝑠Δ𝜏
𝑞𝑖1,𝑗2

×

(
− 1
𝑘𝑧

𝜅𝑧
𝑠
𝜙(𝑛2)
𝑥 − 1

𝑘𝑥

𝜕𝜙(𝑛2)
𝑧

𝜕𝑥
+ Φ(𝑛2)

𝑧,𝑥 − Φ(𝑛2)
𝑥,𝑧

)
(12)

𝜓 (𝑛3)
𝑧,𝑖1,𝑗1

= 𝐶𝑎𝑧𝜓
(𝑛1)
𝑧,𝑖1,𝑗1

+ 𝐶𝑏𝑧
𝑠Δ𝜏
𝑞𝑖1,𝑗1

×

(
1
𝑘𝑥

𝜕𝜙(𝑛2)
𝑦

𝜕𝑥
− 1
𝑘𝑦

𝜕𝜙(𝑛2)
𝑥

𝜕𝑦
+ Φ(𝑛2)

𝑥,𝑦 − Φ(𝑛2)
𝑦,𝑥

)
(13)
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where Ψ(𝑛2)
𝜉,𝜂 , 𝐶𝑎𝜉 , and 𝐶𝑏𝜉 are expressed as follows:

Φ𝑛2
𝜉,𝜂 = 𝑏𝑤Φ

𝑛0
𝜉,𝜂 + 𝑐𝑤

𝜕𝐸(𝑛2)
𝜂

𝜕𝜉
Δ𝜏, 𝐶𝑎𝜉 = 1, 𝐶𝑏𝜉 =

Δ𝜏
𝜀𝑟

for Faraday’s law (14)

Φ𝑛2
𝜉,𝜂 = 𝑏𝑤Φ

𝑛0
𝜉,𝜂 + 𝑐𝑤

𝜕𝐻 (𝑛2)
𝜂

𝜕𝜉
Δ𝜏, 𝐶𝑎𝜉 = 1, 𝐶𝑏𝜉 = Δ𝜏 for Ampére’s law (15)

where 𝑏𝜉 and 𝑐𝜉 are defined as follows:

𝑏𝜉 = exp
[
−
(𝜎𝜉
𝑘𝜉

+ 𝛼𝜉

)
Δ𝜏

]
, 𝑐𝜉 =

𝜎𝜉
𝑘𝜉(𝜎𝜉 + 𝛼𝜉𝑘𝜉)

(𝑏𝜉 − 1). (16)

2.3 Evaluation of frequency spectrum using Fourier transform
In order to evaluate frequency characteristics of transmission and reflection power, we have to calculate Fourier transform of
time-dependent modal amplitude at reference plane. The modal amplitude of reference plane is calculated by the following
overlap integral with each modal field at each time step:

𝑎LSM01
= ∫

Γ

1
𝜀𝑟
�̃�LSM01
𝑧 �̃�𝑧𝑑Γ for LSM01 mode (17)

𝑎LSE01
= ∫

Γ

�̃�LSE01
𝑧 �̃�𝑧𝑑Γ for LSE01 mode (18)

After calculating time evolutions of modal amplitudes and their Fourier transforms, normalized power of target mode (MODE
: LSM01 or LSE01) is calculated as follows:

𝑃MODE =
𝛽LSM01

{
(𝜋∕𝑎)2 + 𝛽2MODE

}
𝛽MODE

{
(𝜋∕𝑎)2 + 𝛽2LSM01

} ||𝐴MODE
||2|||𝐴(in)

LSM01

|||2 (19)

where 𝐴MODE and 𝐴(in)
LSM01

are Fourier transforms of 𝑎MODE and the modal amplitude of the incidence wave, respectively.

3 NUMERICAL EXAMPLES

In order to verify the accuracy of the proposed 2D-FVFDTD method, we consider two types of NRD guide components. The
separation between metal plates of NRD guide is assumed to be 𝑎 = 2.25 mm and width of the dielectric strip between these
plates is 𝑏 = 2 mm with relative permittivity 𝜀𝑟 = 2.2. The surrounding region is assumed to be air with relative permittivity
𝜀air = 1. Furthermore, LSM01 Gaussian pulse with center frequency of 60 GHz is considered for excitation at input port 1.

3.1 Crossing Waveguide
First, we consider an NRD crossing waveguide whose geometrical parameters are as follow: 𝑊𝑥 = 60 mm, 𝑊𝑦 = 40 mm,
𝑙1 = 5 mm, 𝑙2 = 24 mm, and 𝑑PML = 10 mm as shown in Fig. 2. The computational region is discretized using Yee lattice
with size of Δ𝑥 = Δ𝑦 = 0.05 mm and time step Δ𝑡 = Δ𝑥∕2𝑐 (< Δ𝑡CFL) where 𝑐 is the light velocity and Δ𝑡CFL = Δ𝑥∕(

√
2𝑐)

is the upper limit for the time step under the CFL condition. The time step size is Δ𝑡 = 83.4 fs and the total number of time
steps is 80,000 for the developed 2D-FVFDTD. In this numerical example, Gaussian time pulse is excited at 𝑥 = 15 mm and
time evolution of modal amplitudes are observed at four reference planes, Γ1∼4, in port 1 ∼ 4 as shown in Fig. 2. Since the
excitation is symmetrically given to ±𝑥-directions, the first peak in the port 1 corresponds to the incident pulse and the following
wave corresponds to reflected wave. The propagation fields in the crossing waveguide at some different time steps are shown
in Fig. 2. Figure 3 shows the frequency characteristics of the crossing waveguide calculated by the proposed method and the
2D-FVFEM whose validity is confirmed by comparing with 3D-FEM18. In Fig. 3, LSM01 mode of 2D-FVFDTD is slightly off
with 2D-FVFEM due to strong frequency dependence around 60 GHz as compare to LSE01 mode. The accuracy may degrade
more at lower frequencies due to strong modal dispersion near the cut-off frequency. Although LSM01 mode is slightly off but
both results are in good agreement and the effectiveness and usefulness of the proposed method are confirmed.
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FIGURE 2 2D-FVFDTD analysis of NRD crossing waveguide. (a) Schematic diagram, (b) Time evolutions of modal ampli-
tudes at the reference plane 1 (𝑥 = 10 mm), reference plane 2 (𝑦 = 10 mm), reference plane 3 (𝑦 = 30 mm) and reference plane
4 (𝑦 = 30 mm). Time evolutions of both LSM01 and LSE01 modes are evaluated.

3.2 T-branch Waveguide
As an another numerical example, we consider a T-branch waveguide as shown in Fig. 4. The analysis model is the same as the
previous one except that port 3 is removed. The time evolutions at reference planes and propagating fields at three different time
steps are shown in Fig. 4. Figure 5 shows the frequency characteristics of the T-branch waveguide calculated by the proposed
method and the 2D-FVFEM. We can see that both results are in good agreement in this numerical example too. If 3D analysis
is necessary in the numerical examples considered here, 45 times more unknowns are required than with our 2D-FVFDTD
method, because the parallel plate separation is 2.25 mm and the Yee lattice size is 0.05 mm in each direction is used. As a
result, when compared to the 3D-FDTD approach, both computing time and memory requirements can be reduced by a factor
of 45. The computational cost of the proposed 2D-FVFDTD method and comparison with other simulation methods is shown
in Table 1. The 2D-FVFDTD analysis used only 7.32 min. with 1.1 GB of memory for computation at Intel(R) Xeon(R) Gold
6242 CPU @ 2.80 GHz. We can see how efficient our originally developed 2D algorithms are for 3D structures.
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FIGURE 3 Frequency characteristics of crossing waveguide.

TABLE 1 Comparison of computational cost between different simulation methods

Methods Time [min.] Memory [GB]
2D-FVFDTD 7.32 1.1
3D-FVFDTD 329.4 49.5
2D-FVFEM 2.24 0.2
3D-FVFEM 628.3 78.8

The above times are for calculating 80,000 time steps in FDTD and for 100 frequencies in FEM.

4 CONCLUSION

In this paper, we proposed 2D-FVFDTD method for efficient analysis of NRD guide devices. We confirmed the validity of the
proposed method through the frequency characteristics analysis of two NRD guide components. Efficient time domain numerical
simulation techniques are desired, especially for optimal design of NRD guide devices with broad operation bandwidth and
filtering devices because frequency characteristics can be obtained by single FDTD analysis, while in frequency domain analysis,
responses at a lot of discrete frequency have to be calculated. We are considering to develop optimal design algorithm for high
performance NRD guide devices utilizing the proposed method. In the future, we intend to extend the modeling beyond 5G to
the THz range. In addition, we will extend proposed method with magnetic materials to efficiently simulate the non-reciprocal
devices such as NRD circulator and isolators.
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FIGURE 4 2D-FVFDTD analysis of NRD T-branch waveguide. (a) Schematic diagram, (b) Time evolutions of modal ampli-
tudes at the reference plane 1 (𝑥 = 10 mm), reference plane 2 (𝑦 = 10 mm), and reference plane 4 (𝑦 = 30 mm). Time evolutions
of both LSM01 and LSE01 modes are evaluated.
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